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Abstract

We study a fractional stochastic perturbation of a first-order hyperbolic equation of nonlinear type.
The existence and uniqueness of the solution are investigated via a Lax—Oleinik formula. To construct the
invariant measure we use two main ingredients. The first one is the notion of a generalized characteristic in
the sense of Dafermos. The second one is the fact that the oscillations of the fractional Brownian motion
are arbitrarily small for an infinite number of intervals of arbitrary length.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we study the following scalar conservation law:
du(t, x, o) + d U(ult, x, ) = i F(t, x, w). )

In the above equation, x € R, ¢ > t, u(t, x, -) is a random variable with values in R and F is
a random force. A deterministic initial datum u(#p, x) = uo(x) is given at a fixed time #o and
we assume that ug € L°°(R). As usual, the random force will not be differentiable in the time
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variable; hence F denotes its formal time derivative. The sense given to the above equation will
be stated below using a weak formulation.

When the random force F is null, Eq. (1) is a deterministic scalar conservation law and there is
a wide literature on this subject. We recall that the weak solution to such a deterministic problem
is not unique in general. One needs to introduce the notion of an entropy solution in order to
identify the physical solution. Furthermore the selected solution has a nice qualitative behavior:
discontinuities that are related to the creation of shocks, and a description of the behavior in terms
of characteristics (see [1]). The books in the non-exhaustive list [2,5,10,16] provide didactic
introductions to this subject.

Stochastic scalar conservation laws constitute a topic that has been of growing interest in
the past few years. Nevertheless, there are only a few works on this subject. In [9] an operator
splitting method is proposed for proving the existence of a weak solution to the Cauchy problem
du + 0 f(u)dt = g(u)dW; for x € R. In [12] a method of compensated compactness is used
to prove the existence of a stochastic weak entropy solution to the problem du + 9, f (u)dt =
g(t,x)dW;, x € R. The uniqueness is achieved using a Kruzkhov-type method. A notion of
a strong entropy solution is proposed by [6] in order to extend the above-mentioned result
to the problem du + div f(u)dt = o(t,u)dW;, x € R?. A stochastic scalar conservation
law in a bounded domain of R¥ is investigated in [19] using a measure-valued solution and
Kruzkhov’s entropy formulation. Finally in [3] it is proved that the Cauchy problem for a
randomly forced, periodic multi-dimensional scalar first-order conservation law with additive
or multiplicative noise admits a unique solution, characterized by a kinetic formulation of
the problem.

Besides these works, the paper of E et al. [20] is the starting point of our investigation. This
article deals with Burgers’ case (thatis ¥ (u) = u? /2):

ut, x, ) + 3 (u(t, x, )* = 9 F (1, x, w),

with a stochastic forcing given by F(t,x,w) = Z,fil F. (x)Bk(t) where (Bi)i>1 are
independent standard Wiener processes on the real line R (By is again the formal time derivative
of this process). The existence and uniqueness are proved, together with the existence of an
invariant measure. A parabolic perturbation problem approach is considered, based on the
Hopf—Cole transformation.

On the one hand, our work is a generalization of the existence and uniqueness results
contained in [20]: we work with a general conservation law depending on the function ¥ and we
can also reach a large noise class having Holder continuous trajectories. A Lax—Oleinik formula
is given using a direct approach via the Hamilton—Jacobi equation that is naturally associated
with our problem. The existence and uniqueness result is presented in the next section (see
Theorem 1).

On the other hand, we generalize the existence of an invariant measure to the case of a
fractional noise when the sequence of independent Brownian motions is replaced by fractional
Brownian motions (fBm for short) on the real line. There are serious difficulties in working with
fBm. First, unlike the classical Brownian motion, the two-sided fBm is not obtained by gluing
two independent copies of a one-sided fBm together at time ¢+ = 0. Moreover, when ¢ < 0, the
two-sided fBm is no longer a Volterra-type process (see [11] for a more detailed discussion of
this fact). In [20], there is roughly speaking only one purely probabilistic property of the noise
that is employed: the Brownian noise is arbitrarily small on an infinite number of arbitrary long
time intervals. In other words for all ¢ > 0, T > 0, for almost all w, there exists a sequence of
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random times (¢, (w)),>1 such that #,(w) — —oo and

v, s Y [Pl 1B = Butl| < e.

tn—T <5<ty }>]

This result relies on the independence of the increments of a Brownian motion and on the
Borel-Cantelli lemma. In a fractional Brownian framework the increments are no longer
independent. We will be able to adapt this argument thanks to a (reversed) conditional version of
the Borel-Cantelli lemma. The analogous property for the trajectories of a fBm is new as far as
we are aware.

In the following section, we state our hypothesis and we give the main results of our work.
Section 3 is devoted to the variational principle which is used to prove the existence and
uniqueness. As regards the calculus of variations problem considered in Section 3, we study
in Section 4 a particular class of minimizers of the action appearing in the Lax—Oleinik formula:
the one-sided minimizers. They are used to construct a unique solution of (1) defined on the time
interval R in such a way that the random attractor consists of a single trajectory. Then we prove
easily the existence of an invariant solution. Finally, the proof of the oscillation property (see
Theorem 2) of the fractional noise is given in Section 5. Some technical proofs appear in the
Appendix.

2. Notation and the main results

We will use the following notation:

e C;(R) is the space of bounded functions that are differentiable r times with bounded
derivatives endowed with the norm given by [l¢llcy®) = Yo llo@locs

efor0 < A < land —o0 <a < b < 400, C)‘(a, b) is the space of A-Holder continuous
functions f : [a, b] — R, equipped with the norm || f|lx» = || flla.p.c0 + || f la.p.2, Where

1 fllaboo = sup [f(r)| and | fllgpr = sup M;

a<r=<b a<r<s<b ls — r|}h

e for two times #1,t, H! (11, ;) is the Sobolev space of Lz(tl,tz)—weakly differentiable
functions from [#1, #2] to R equipped with the scalar product

) ) . .
(€1, &2) =/ El(S)Ez(S)dS+f &1(s)&2(s)ds;
151 151

e for a function f from R — R, we denote as f* its Legendre transform defined as f*(g) =
sup,cr(pg — f(p)) for g € R.

In the probabilistic framework of ({2, F, IP), we make the following assumption for the stochastic
forcing term F.

Hypothesis I. For any 7, x, F(t,x) = > po | Fx(x)Bi(t) where:

(a) for any k, Fj belongs to Cg (R);

(b) there exists A > 0 such that the sequence of processes ((Bk(t)),e(_oo,oo)) 1 satisfies
Bi(-) € CMa, b) for anyk>1,—0c0 <a <b < +o0;

(c) one has to impose additionally that Zkzl | Fx “CZ(R) | Bi|ln < oo.
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We remark that the processes By are not necessarily independent. It is quite straightforward
to see that the above noise term covers that of [20] but it also covers sequences of processes such
as the fractional Brownian motion of any Hurst parameter.

The function ¥ will satisfy the following assumption.

Hypothesis II. The flux ¥ satisfies:

(a) ¥ is uniformly convex: there exists & > 0 such that ¥”(v) > 0 for all v € R,

(b) the super-linear growth condition: there exist k; > k; > 0 and two constants /1, /5 such that
hivlf < £ < byl

(c) there exists L such that |¥'(v) — ¥/ (V)| < L|jv — V|,

(d) there exists a positive function R + C(R) such that |¥*(v) — ¥*(V')| < C(R)|v — V']
whenever max(|v|, [v'|) < R.

We stress the fact that our assumptions for ¥ are clearly true if the flux is the square function
as in Burgers’ case.
Now we give the precise meaning of (1).

Definition 1. A random field u defined on [#y, +00) x R x {2 with real values is a weak solution
of (1) with initial condition u(fg, -) = ug(-) € L (R) if:
(i) Forall t > o and x € R, u(¢, x, -) is measurable with respect to Fy, ; = o {Bi(s), tp < s <
t, k> 1}.
(ii) Almost surely, u(-, -, ) € LIOC([to, 00) x R) and u(z, -, w) € L*°(R) for any ¢ > 1.
(iii) For all test functions ¢ € CC2 (R x R) (the set of functions that are twice differentiable with
compact support) the following equality holds almost surely:

/ /afp(t,X)u(t’x)dxd,Jr/ /a“’(”x) W (ut, x))dxdt
1 R 8t o R aX

= —/ M()(-x)(a(t()»x)dx
R

00 o0 82
- / Z{F( ) / A x)<Bk<r>—Bk(zo>)dr}dx. @)
R k=1 fo

The stochastic term appears in the above weak formulation in an unusual way. We will give
some comments concerning this in Section 3.

It is well known that the notion of a weak solution is not sufficient for having uniqueness for
the solution of (1) in the deterministic case. One has to introduce admissible solutions (or entropy
weak solutions).

Definition 2. We say that a random field u# which is already a weak solution of Eq. (1) is an
entropy weak solution if there exists C > 0 such that for almost all w € 2,

1
u(t,x—i—z,a))—u(t,x,a))§C<1—|—t t)z 3)
— 1

for all (¢, x) € (tg, 00) x Rand z > 0.

The above entropy condition is the historical “condition E”, so called in [15]. It ensures
the uniqueness of bounded weak solutions. It follows from (3) that for + > #y the function
x — u(t, x)—C x is nonincreasing, and consequently has left and right hand limits at each point.
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Thus also x — u(¢, x) has left and right hand limits at each point, with u (¢, x—) > u(¢, x+). So
the classical form of the entropy condition holds at any point of discontinuity.

First, we are interested in the existence and uniqueness of the entropy weak solution of (1).
We generalize the existence and uniqueness result of [20] for a general flux and a wide class of
noise in the following theorem.

Theorem 1. We assume Hypotheses 1 and 11. Let ug € L (R). There exists a unique entropy

weak solution to the stochastic scalar conservation law (1) such that u(ty, x) = ug(x). For
t > 1o, this solution is given by the following Lax—Oleinik-type formula:
9 &(to)
u(t, x, 0) = —( it gt [ ws ) @
Ox \geH! (.0 0
£(n=x
with

t
A1 (§) = / {u'/*(é(s)) = (Bils) — Bkao))F,;(s(s))é(s)}ds
To

k>1

+ ) (Bi(t) — Bi(to)) Fi (5 (1)). (&)

k>1

The fact that F is random and can be decomposed as a linear combination of Holder
continuous processes plays no role in the proof of this theorem. Nevertheless, we keep this
formulation for two reasons. The first one is to suit the framework of [20] in which this
decomposition was essential. Indeed they use a regularization of the Brownian noise to prove the
existence and uniqueness. The arguments presented here are quite different. The second reason
will become clear when we deal with invariant measure (we will assume that our noise is a
combination of fractional Brownian motions).

Certainly the most important contribution of our work is the study of the invariant measure
for the stochastic conservation law (1) for the particular case of a fractional noise. There is only
the work of E et al. available dealing with invariant measure stochastic scalar conservation laws
(in the case of Burgers’ equation with a Brownian noise). In order to state the results concerning
the invariant measure, we work with the following particular noise term F.

Hypothesis II1. For any 7, x, F(f, x) = Z,fil Fi (x) By (t) with:

(a) for any k, Fj belongs to CS(R) and Zkzl kz/H||Fk||Cg(R) < 00;

(b) the sequence of processes ((Bk(t)),eR) 1
motions with Hurst parameter H € (0, 1).

is a sequence of independent fractional Brownian

We recall that (B (?));cr being a fBm means that it is a centered Gaussian process satisfying
By.(0) = 0 and E(| B (1) — Bi(s)*) = |t — 1.

The technique that we employed to solve the problem of the existence of an invariant measure
are essentially contained in [20]. Nevertheless, the probabilistic property of the noise that is
employed to construct the invariant measure is the fact that it has periods of arbitrary length
and arbitrary small amplitude oscillation as time goes to —oo. The result, which is interesting in
itself, is new in the case of a fBm:

Theorem 2. For all ¢ > 0, T > 0, for almost all w, there exists a sequence of random times
(th (w))n>1 such that t,(w) — —oo and
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Vn, Z{||Fk”CZ(R) sup |Bx(r) — Bk(S)|} <e. (©6)

k>1 ta—T <s<r<ty

In the Brownian case, this property is easy to prove thanks to the independence of
the increments and the classical Borel-Cantelli lemma. In the framework of the fBm, the
increments are no longer independent and we will naturally employ a conditional version of
the Borel-Cantelli lemma to prove this path property of the fBm. We will additionally make use
of the Garsia—Rodemich—Rumsey inequality and Talagrand’s small ball estimate (see the proof
given in Section 5).

Despite these difficulties, one can state the following results concerning the invariant measure
for the stochastic scalar conservation law with fractional forcing. Let us introduce the precise
formulation of the result.

We denote as D the Skorohod space consisting of functions from R to R having discontinuities
of the first kind. It is endowed with the metric

d(f,e) =) 27"(1vdu(f. )

n>1

where d,, is the usual distance of Skorohod on [—n, n]. Hence (D, D) is a measurable space with
D the sigma-algebra of Borel sets on D.

In order to construct an invariant measure, we will construct an invariant solution. To this end
we show that for almost all w, there exists a solution (7, x) — u?(f, x, ) starting from ug = 0
at fp = —oo. This solution will be built via minimizers of the action .A;, o when fp — —oo (see
Section 4).

More precisely we will prove that there exists u* from R x R x {2 to R such that:

(i) almost surely, ul(t, -, w) € L°R) for any t;
(ii) almost surely, uj(t, -, ) € D for any ¢;
(iii) given ¢, the mapping w +— u®(t, -, w) is measurable from (£2, F) to (D, D);
(iv) on any finite time interval [¢;, ], for almost all w, (z, x) — u®(¢, x, w) is a weak solution
of (1) with initial data ug(x) = uf(t1, x, ®).

For the canonical space 2 = Co(R, R), the space of continuous functions vanishing at 0, we
denote as 07 the shift operator on 2 with increment 7 defined by 87 (w)(-) = (- + 1) — w(7)
for any w € 2. We stress the fact that the expression for the shift is modified compared to that
of [20] because the fBm has stationary but not independent increments. This is the expression for
the shift that leaves the two-sided fractional Brownian Wiener measure invariant. The solution
operator S7 is defined for v € L*(R) by S}, (v), as the solution of (1) at time 7, with initial
condition v at time fo = 0 when the realization of the noise is w.
We have the following theorem.

Theorem 3. We assume Hypotheses I and 111. On (2 x D; F ® D), the measure u defined by
uldw, dv) = P(dw)ﬁun(o,,’w) (dv) @)
is the unique measure that leaves invariant the (skew-product) transformation
NxD— N2 xD
(w,v) — (0'w, S, (v))
with given projection P on (12, F).

The proof of this result is given at the end of Section 4.
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3. The dynamic programming equation

First we motivate the use of a variational principle, considering the one-dimensional (inviscid)
Burgers equation

u? a

ou+0c | —)=—G(t,x) t>0,xeR
2 ox

for an initial condition u( having discontinuities of the first kind (i.e. uo belongs to the Skorohod

space D). It is well known that there exists a unique entropy weak solution u given by

P £(0)
u(t,x) = 3 inf  1.Ao, +/0 uo(z)dz ¢ | .
X

gecl(0,r)
E(t)=x

where
t l .
Ao (§) = /0 (E’E(S)2 + G, é(ﬂ)) ds. (®)

For two times t{, r;, we have denoted as C l(1‘1,1‘2) the space of continuously differentiable
functions from [f1, 2] to R. This relation between Burgers’ equation and the minimization
problem is known as the Lax—Oleinik formula (see [13,15]) and the Hopf-Lax formula in its
original context of Hamilton—Jacobi equations.

In the above equation we have intuitively assumed that G is a deterministic regular force.
Now the source term in the action A ; is frt > k>1 Fx(&(s))d Bi(s) where the above integral is
not a stochastic integral but a pathwise integral. Indeed, since the trajectories w — B (t)(w)
are A-Holder continuous and £ is differentiable, f ; Fi.(§(s))d Bi (s) exists as a Riemann—Stieltjes
integral thanks to a result of Young [21]. With g(-) := F;(£(-)) one has

t n
/ g()dBi(s) = lim > g(t)(Bk(ti1) = Bi(®))
T - i=0

where the convergence holds uniformly in all finite partitions Pao :={t =10 <11 < - lpy1 =
t} with max; |t;+1 — t;| < A. We define B(s) := Bi(s) — B(t) and we write

> 8@ (Biltivn) — Bi(t) = Y g(t)(B(tiy1) — B(1;)

i=0 i=0

= — Z B(tix 1) (8(tit1) — g(1))

i=0

+ ) B (etis1) — g(1)
i=0

+ (Bit1) — B(t)g(ti+1)}

= = B(tiy1)(gtiv1) — gt) + B(t)g(t) — B(1)g(7).

i=0

Consequently

t T
/ 8(8)dBi(s) = —/ (Bi(s) — Bi(1))&(s)ds + (B (t) — Bi(1))g(t)
T t
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and we rewrite the stochastic term of the action as
t t

> Fi(E()dBi(s) = > (Bi(s) — Bu(v)) F{ (E(s)é (s)ds
T k>1 T k>1
+ Y (Bi(t) — Bi(v)) Fr (6 (1)). )
k>1

If £(¢) is fixed as x, then the second term in (9) is independent of &; hence as in [20] the action is
redefined as for & € C'(, 1) as

tf1. .
Acy(§) = / (55(@2 — Y (Bi(s) = Bu(0) Fy (f(s))é(s)) ds
T k>1
+ ) (Bi(t) — Be(D) Fe (6 (1)).

k>1

Since the action is defined pathwise it depends on w and hence should be denoted as A7,. We
will not do this for brevity of notation.

We stress the fact that (9) is a true integration by parts that allows us to rewrite the stochastic
term and not a formal one, as was mentioned in [20].

In order to introduce the optimization problem, one can make a kind of change of variable
in the variational formulation (2) and introduce a Hamilton—Jacobi-Bellman equation (HJB
equation for short). Thus it is well known that these partial differential equations are related
to a variational principle. Let us develop the following non-rigorous arguments. Let ¢ be a test
function in CE(R x R); by an integration by parts one rewrites (2) as

/ /8,g0(t,x)u(t,x)dxdt+/ /wa(t,x)W(u(t,x))dxdt
th JR o JR

= —/ ug(x)p(tg, x)dx +/ /OO drp(t, x)v(t, x)dtdx (10)
R R J1y
with
v(t, x) =Y F{(x)(Bi(t) — Bi(to)). (11)
k=1
Consequently

o0 o
/ f dre(t, x)[u(t, x) —v(t, x)]dxdt + / / dx(t, x) LT/(u(t, x))dxdt
th JR n JR
= — /lgk uo(x)(ty, x)dx
and with w = u + v we obtain

/ f orp(t, x)w(t, x)dxdt —l—/ / axw(t,x)W(w(t,x) + v(t,x))dxdt
th JR to JR
_ f wo(O)P(to, X)dx.
R

Hence w is a solution of the stochastic scalar conservation law

ow +divy ¥(w+v) =0
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and if we integrate this equation with respect to the space variable x, we derive the HIB equation
W+ U, W +v) =0,

where W is such that 9y W = w. This HJB is related to an optimization problem with an action
involving the Legendre transform of p — W (p + v). Thanks to the behavior under translation
of the Legendre transformation, we have (Ll'/(- + v))*(q) = ¥*(q) — vg and we deduce the
expression of the action proposed in (5).

The above remarks are now made rigorous. First we express the action Ay, ; as

t
Ato,z(%‘):/ L(s, £(5), £(s))ds +V (1,£())  with

fo

A1)
Ls,x.p) = (¥(+v(s,x) (p)
= U*(p) — ) _(Bi(s) — Br(10)) F{(x) x p and

k>1
V(t,x) =Y (Bi(t) — Bi(to)) Fr (x).
k>1
With Uy such that 9, Uy = ug, we define
W, x)= inf {Xzo,t@) + Up(&(10))} . (12)
geH (1.0
E(t)=x

We remark that Ug(£(19)) = Os(tO) uo(z)dz and

W= inf {4 @) -V,
geH(1.1)
£(n=x
With regard to the classical calculus of variations, the left end point is fixed and the Hamiltonian
is the Legendre transform of p +— L(t, x, p). Since we do not know of any precise reference
where these changes are discussed, we briefly prove that there exists a minimizer of the action
Ay,,:- We recall a definition:

Definition 3. We say that on the interval [#1, 1], £ € H 1 (t1,p)isa mininlizer of the etgtion .,2(,] b
if for any y € H' (11, 12) with y (11) = £(11) and y (12) = £(12) we have Ay, 1, () < Asy 1, (p).
We prove in the following proposition that the function W solves a Hamilton—Jacobi—Bellman

equation and is semi-concave.

Proposition 4. The function (t, x) — W (t, x) is Lipschitz continuous and satisfies for almost
all t, x the Hamilton—Jacobi—Bellman equation

aW(t, x)+ ¥ <3xW(t, x) + Z Fp(x)(Bi (1) — Bk(to))) =0. (13)

k>1

Moreover; for any t, the function x — W(t, x) is semi-concave: there exists a constant K such
that x — W(t,x) — K(1 — ﬁ)x2 is concave.

This proposition is proved in Appendix A.
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Proof of Theorem 1. Now we prove the existence and uniqueness of the solution of (1).

Existence: Our candidate is u = 9, W + v with W defined in (12) and v defined by (11). It is
clearly adapted. Hypothesis I implies that v(z, -) € L°°(R) and the Lipschitz property (34) for
W implies that (ii) in Definition 1 holds true.

We prove the variational formulation. Let ¢ be a test function in CC2 (R x R). We integrate the
HIB equation (13) against d,¢ and we integrate by parts in order to obtain

—/ / W(BXW(t,x) + v(t,x))axgo(t,x)dxdt
) R
:/ /BSW(t,x)Bx(p(t,x)dxdt
i) R

o
= —/ Wo(x)axcp(to,x)dx+/ /BXW(t,x)Z),(p(t,x)dxdt.
R 1o R

We have 9, Wy(x) = 9, W (g, x) = u(ty, x) + v(fg, x) = uo(x). By another integration by parts
one obtains (10), which is equivalent to (2).

The entropy condition (3) is a consequence of the semi-concavity of W (see Proposition 4).
Indeed, the concavity of x — W (t, x) — K x2 implies that its derivative is a decreasing function.
Then for any z > 0,

oW, x+27)—2K(x+2) <o, W(t,x) —2Kx.

Moreover it holds that ||3,v(¢, .)leo < (t — 1o)* > k=1 1F ool Billz 1.5 := C and consequently
x = v(t, x) — 2Cx is a decreasing function and for any z > O,

v(t,x +2) —2C(x +2z) <v(t,x) —2Cx.

The above two inequalities imply that u = 9, W 4+ v satisfies Oleinik’s entropy condition (3).

Uniqueness: Since the random force in Eq. (1) does not depend on u, the uniqueness is given by
classical arguments as in Theorem 3 in [5]. [

4. Action minimizers and generalized characteristics

In order to prove that there exists an invariant measure for the stochastic scalar conservation
law (1), we will construct an invariant solution. For that purpose, we use minimizers of the action
A, which is defined for a piecewise regular curve £ with £(f) = x as

t
Aci(§) = / U*(E($) — D _(Bi(s) — B(r) F{(5(5))E (s)ds

k>1

+ Y (Br(t) — Br(0) Fr(E(1)).

k>1

Using (9), the action can be expressed as

t t
At () =/ W(ﬁ(?))dﬂr/ > F(n(r))dBi(r)

S k>1

for any path n € C!(s, t). A fundamental object is the one-sided minimizer defined as follows.
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Definition 4. Let r € R. A piecewise C I curve & :] — 0o, t] = Ris a one-sided minimizer if

(i) for any§ c Hl(—oo, 1) sgch that §(t) = £&(1) and§ =£&on]— oo, ] forsomet <1, it
holds that A ;(§) < A, (§) forany s < t;
(i) forany s <t, |£(s) —E@t)| < 1.

Most of the properties of these one-sided minimizers are quite basic facts proved in [20].
Nevertheless we will make them precise because we work with a general convex flux instead of
the square function that was used in Burgers’ case. We stress the fact that we choose a slightly
different definition of the one-sided minimizer (we impose the boundedness when the value &(¢)
is fixed) because we do not work on the torus as in [20] but on R.

Euler—Lagrange equations and properties of the action minimizers

The Euler-Lagrange equation can be formally deduced from the following classical
computation. If we want to find two curves y and v such that v(¢) = u(¢, y(¢)), then we have the
relation

dv(t) = duu(t, y (1)) + oxu(t, y (1)) y (1).

With y(t) = @'(u(t, y (1)) (or equivalently v(r) = (¥")~!(y(1))), together with (1), one writes
dv(t) = du(t, y (1)) + dx U (u(t, y (1)),

and we obtain the Euler—Lagrange equation

y(s) = ¥'(v(s))
dv(s) = Z Fl(y(0))d By (). (14)

k>1

The curve y is a generalized characteristic in the sense of Dafermos (see [1]). Eq. (14) is a
generalization of the Euler—Lagrange equation (2.3) in [20] obtained for ¥(z) = z2/2:

y(s) = v(s)
dv(s) =) Fi(y(t)dBi(0).
k>1

In the following proposition, we prove that:

e there exists effectively a unique solution to Eq. (14),
e a minimizer of the action satisfies an Euler—Lagrange equation and is a regular curve,
e we give estimation for the velocities of such a minimizer.

For any times 71, ; and any x1, x2 € R, we define

His =& € H'(n, 0y 60) = x1, £0) = 0.

Proposition 5. Let two times t| and t; be fixed.

(a) For & and vy two fixed real numbers, there exists a unique solution & € C 1(t1, 1) to the
Euler—Lagrange equation
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: /
£(s) = ¥ (v(s))
5]
v(s) = v(t2) + f Y FEE)dBi(r) n<s<nh (15)

k=1
with the terminal condition (£(t), é(tg)) = (&, ¥'(n)).
(b) If v is a minimizer of A on [t1, tp], that is

[2 . -
Ann(y) = ;;ftz {/ T*(E(s)) — Z(Bk(s) — Bi(1)) Fi(§(5))E (s)ds
geH, 1

X1.X0 k>1

+ ) (Bi(to) — Bkm))Fk(f;(zz»},

k>1

then y € Cl(tl, 1) satisfies fort; <r <s <1t

N
(0% (7)) = (T (7 (r) = f 3" Fl(y (@)dBi(v). (16)
T k>1
(¢) If v is a minimizer of the action A on the time interval [t, t2] with y (t}) = x1, Yy (t2) = x2
and to — t; > 1, then there exists a constant ¢ such that

. =L a 148
17,200 = € Copy + (22 = 1) 50 + Cop iy (12 = 1)T57 ) (a2 = 1) oo
= e = 1 e
+ ((tz — 1) + Cyy (2 — 11) '+") (Cﬁ.,*f; +Cf (10— 1) '+“> (17)

with Cpy 1y = Yoy I Fillc2 {supy, < <<y, 1Bk (r) — Br ().

We recall that we work on each trajectory of the random force. The proof of these results is
postponed to Appendix B.

Existence and uniqueness of one-sided minimizers

The following proposition establishes the existence of a one-sided minimizer. It is a short
rewriting of the one contained in [20], which takes care of the fact that we do not work on the
torus.

Proposition 6. For every x € R and t € R, there exists a one-sided minimizer y such that
y() =x.

Proof. Let n be an integer such that —n < ¢ and y, a minimizer of A_, ; satisfying y, (1) =
X, yn(—n) = x 4+ 1 and sup_, ., [¥n(s) — x| < 1. From the proof of Proposition 4, such a y,
exists. For —n < s < ¢ we have ||_)}n IIs,r,00 < K by (17), where K depends on s and ¢ but does not
depend on x. Hence, up to a subsequence, there exists y € H 1 (s, 1) such that lim, . ¥, = ¥
in C(s,t) and lim,» ¥, = y weakly in L2(s, t). From the Euler—Lagrange equation (15)
it follows that lim, Yy, = y in C 1(s, t) (after a new extraction of a subsequence). A
diagonal process implies that there exists y € C!(—oo, 1) such that lim,_.o ¥, = y for the
C! convergence on any compact of ] — oo, 7].

It remains to prove that y is a one-sided minimizer. By construction, (ii) in Definition 4 is
satisfied. Let a curve £ € H!(—00, 1) with &(t) =xand & = y on]— o0, 7] for some t. Without
loss of generality we can take £ € C!(—o0, t) because the action can be strictly decreased by
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smoothing a curve containing corners (see Fact 2 page 885 in [20]). Fix s < 7 and let (§,),>1 be
a sequence in Cl(s, t) such that &,(s) = y,(s), (1) = x and lim, o0 &, = £ in Cl(s, 1). We
have lim,,_, 5 &, (s) = lim, 00 ¥4 (s) = Y (s) = &(s). Using Hypothesis II(d) we obtain

t . .
e ®) = Aus ] = [ 107G = 0 Gt
t
‘]
t
‘]

> Bt — Bus) (Fe(n() — Fk@(t)))‘

k>1
< (C(R) + Cs,l)”é - én”Ll(s,;) + Cx,t”é”LZ(s,t) 1§ — &n ||L2(5,;)

with Cy.; = Y o1 1 Fillc2 {Sup,, <, <,1<s, |Bx(r) — Bi(r")|} defined as in (17) and R such that
I€1ls.,00 V (supp=i Inlls.,00) < R. The above estimation implies that lim,_, 0 Ay /(&) =
As.+(§). Moreover,

D (Bi(r) = Bu() F{(En (M) (E(r) — u(r) | dr

k>1

Z(Bk(”) — Bi(s)) (F{(5(r)) — F{ (5, (r))&(r)| dr

k>1

+

|~As,t()/) - -As,t(yn)| <Cly - J/n”cl(s,,) — 0,
n—00

with C depending on ||y [|¢1(s ) and for —n < s, A (vn) < Aj.(§,) because y, is a minimizer
of A_, ;. Therefore

As,t()’) = nlint;lo As,t(Vn) = nll)nolo As,t(én) = As,t(%_)-

We conclude that y is a one-sided minimizer. [
The intersection of one-sided minimizers

We will use for the first time the randomness of the force. Theorem 2 states that the fractional
Brownian noise is arbitrarily small on an infinite number of arbitrarily long time intervals: for
alle > 0, T > 0, for almost all w, there exists a sequence of random times (#,(®)),>1 such that
t, (w) - —oo and

Vi, Chr= sup Y Ikl B — Biil| < e.

tn—T <5<ty k=]

We remark that this property of the noise implies that the velocity of a minimizer will be as small
as we want, by (17).

The following proposition states that two different one-sided minimizers with the same
ends cannot intersect each other more than once (see [20, Lemma 3.2]). So if two one-sided
minimizers intersect more than once, they coincide on their common interval of definition.

Proposition 7. For almost all w, for any distinct one-sided minimizers y; and y, on ] — 00, t1]
and | — 00, to] respectively, the following result holds. Assume that yy and y» intersect at time t
in apoint x; thent| =t =t and y1(t1) = y2(t2) = x.
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The proof of this result is exactly the same as the proof of Lemma 3.2 in [20] so we do not
repeat it. Nevertheless, it is based on [20, Lemma 3.3] which we do recall and briefly prove
because there are minor modifications due to our fractional noise.

Lemma 8. Almost surely, for any ¢ > 0 and any two one-sided minimizers y, € C'(—o0, 1)) and
Yy € c! (—o00, 1), there exists T = T (¢) and a sequence of random times t, = ty(w, €) = —00
such that

|~At,l—T,tn(Vi) - Atn—T,tn(§)| <e, fori=1,2and{ € {y1v2, 271}

where y1y> and y>y| are reconnecting curves defined by

J/()—tnT y1(s) fn : ()
y1va(s) = 1(s T y2(s
J/()——tn V()——tn : ()
S S S).
V2Vl T 12 T Y1

Proof. For T sufficiently large, we use (6) in order to find a sequence of random times (¢,),>1
such that lim,_, 50 #;, = —00 and

1
Vi Chora, = swp S {IFl e Bi(s) = Buwl| < 7. (1)

thn—T <5<ty k>1

where the notation Cy,_7 ;, comes from (17).

Now we make the following remark. If a curve y minimizes the action on the interval [s, 7],
then for any s < r < t, its restriction on [s, ] will minimize the action with respect to curves in
H'(s, r) having the same ends as y at s and r. Indeed suppose that there is a minimizer £ # y on
[s, 7] such that Ay »(§) = A - (y) — . Using (9), the action can be written using a true pathwise
integral with respect to the noise, so the action of any path 7 € C(s, ¢) is expressed as

t t
Ausn = [0 Gionas+ [ 30 Ro6)aBi).

S k>1

Hence the action is additive with respect to C! curves (Ar, () = Ars(n) + A () if nis C).
Considering the curve £y, ; obtained by gluing the path & to the restriction of y on [r, ¢], we
observe that

As i Even) = Asr () — e+ Ars(y) = Agi(y) — & < Asi(p)

which contradicts the fact that y is a minimizer on [s, ¢].

Therefore, the one-sided minimizers y; are minimizers on each time interval [t, — T, t,,] and
we use the inequalities (17) and (18) to obtain that for any n

c 1 2
wp 1739 = = +2¢ (T 7% + T T + 777 )
th—T<s<t, T

< C
- Tl/0+a)"
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Consequently, for ¢ € {y172, yap1} we have [[E 1, —T 100 < % Using | ¥*(v)| < co|v]! A
and (18) we have

tn )
A1 () — Agy 10 ()] < / G = o) ds
tn—
tn
-
tya—T
th
+f
t,—T
S (Belt) — Beltn — TH(Fe€ () — Fe(y (rn»)'

k>1

2T 4 Cy —
SC( +T th—T.,ty +2C[n—T,tn>

> (Bi(s) — Biltn — THFUQ) (i(s) — £ (5) | ds

k>1

D (Bi(s) = Bi(ta — T)(F{(i()) — F{(£(s))7i ()| ds

k>1

_I_

T% T1/(04a)

<C 2 + * + 2 19)
- T % T1/(04a) T
where C is a numerical constant. The result follows by choosing 7" such that the right hand side
of (19)islessthane. [

An invariant measure: existence and uniqueness

In this subsection, we prove Theorem 3. First we construct the invariant solution u*. We denote
as M, x the family of all one-sided minimizers with end x at time ¢. We define

j _ . .
u(t, x,w) = yeljl\l/flvt‘x y(1). (20)
Proposition 7 implies an important property of one-sided minimizers. To any x € R such that the
cardinal of M, , is at least 2 (this means that more than one one-sided minimizer comes to x at
time t), there corresponds a non-trivial segment I (x) = [y1(t — T), y2(t — T)], where y; < y»
on | — 00, t] because two different one-sided minimizers cannot intersect each other more than
once. Thus the segments I (x) are mutually disjoint. Consequently, for almost all w, the set of
x € R with more than one one-sided minimizer coming to x at time ¢ is at most countable. The
above argument relies on the fact that an infimum is taken in (20) of u* and this is the key point
for proving that u®(t, -, w) € D (see [20, Lemma 3.8]).

The fact that u* € L>°(R) is a consequence of (17). The measurability issues can be treated
as in [20, Lemma 3.9].

Moreover on any finite time interval [t{, 2], for almost all w, (¢, x) +— ul(r, x, w) is a weak
solution of (1) with initial data uo(x) = u®(t], x, w). This is obtained by construction of .
Hence Sc’u(un(O, ., »)) = u’(t, -, ). Thus the measure p defined in Theorem 3 leaves the skew-
product transformation invariant.

It only remains to prove the uniqueness. This is also done in the proof of the Theorem 4.2
in [20]. Let us give a few details. For A another invariant measure, we denote as A, its projection
on {2 in such a way that we may write that A(dw, dv) = f 0 Mo (dv)P(dw). The invariance of A
implies that there exists a subset D of D such that A(D¢) = 0 and with the property that for any
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v € D and any n € N, there exists v, such that H_, (v,) = v where the operator H; maps the
solution of (1) at a negative time 7 to this solution at time 0. By repeating the end of the proof of
Proposition 6, we have that if a solution of (1) can be extended to arbitrary negative times, this
solution coincides with u* at time ¢ = 0 for almost all x (because the set of x € R with more
than one one-sided minimizer coming to x at time 0 is at most countable). Hence v(x) = u*(0, x)
almost everywhere and 4, (dv) = 8,(0.. ,») (dv), and we have the uniqueness.

5. An asymptotic property of fBm

The key point for proving the existence of an invariant measure was the fact that the fractional
Brownian motion has periods of arbitrary length and arbitrarily small amplitude oscillation as
time goes to —oo. The result stated in Theorem 2 is recalled below.

Theorem 2: For all ¢ > 0,7 > 0, for almost all w, there exists a sequence of random times
(t,(®))n>1, such that ¢, (w) — —oo and

v, Z{anncg(R)t sip Be(r) — Bus)l] <.

k>1 n—T <s<r=<ty

Before proving this theorem, we will recall and prove some basic facts concerning the fBm
defined on the real line R.

First we deal with the moving average representation of the fBm (B(?));cr. For s, ¢t € R, we
define

_1 _1
£i(s) = e ((r—s>i’ 2 (-} )

with
1

00 2 1 -3
. H-1 _ 1
m—(/o ((1+S) 2 s2) ds+—2H) .

Notice that fR ftz(s)ds < oo and more precisely, if H # 1/2, s — f;(s) behaves like (—s)H_3/2
when s — —oo which is square integrable at —oco. Thus the fBm can be written as

B(t)=ffz(S)dWs
R

where the process (W;);cr is a two-sided classical Brownian motion which is obtained by gluing
two independent copies of one-sided Brownian motions together at time ¢ = 0.
Since we are interested in the oscillations of the fBm, we express its increments for 7 < ' < 0

as
_1 1
B(r) - B(t) = / CH {(l‘ —r)il ‘- (t/—r)i[ 2}aVWr
R
t | 1 y 1
B / CH{(t—r)H_§ _(t/_r)H_i}dWr_Ff CH(t/—r)H_der
o0 ]
= f & (r)dW;
R
where

1

1 1
g ) =cn {0 =72 = (" = DT () + ent’ = NF 300,
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Let F; be the sigma-algebra generated by the family of random variables {B(r); —oo < r < s}.

We remark that fors <0, F;, C o {W,; —00 < r < s} = fXVOO,S. Then we deduce the following
expression: forany —oo < s <t <t <0,

E(B(t) — B(t')|Fy) = E [/Y CH l(t — r)H’% - —r)H*%}dWr

S] . 21
The proof of Theorem 2 is based on the following reversed conditional Borel-Cantelli lemma.

Lemma 9. Let (F,)n>1 be a decreasing sequence of o-fields and (An)n>1 a sequence of events
such that A, € F,. Then the events

:ZlAk<oo} and {ZE(lAk|fk+1)<oo}
k>1 k=1

are almost surely equal.

Proof. Let M, = 14, — E(14,|Fn+1). We have E(M,|F,+1) = 0 so (M,),>1 is a reversed
martingale difference sequence. This means that if we set for negative integers Fo = Fou
and M, = M_,, (My)y<—1 is a martingale difference sequence with respect to the filtration
(f )n<—1. Moreover, (Sn),,< | defined by Sn = Zii ! Mk is an (]j'n)nf_l martingale.

Step 1: We prove that the following inclusion holds almost surely:

{ZE 1ag) Fiet1) <oo} {ZlAk<oo} (22)
k>1 k>1

Using the stopping times

k=n+1
—— inf{k <1y E(M,ﬂf?n_l) > K} for K > 0,
—00

and following [17, Theorem 2.8.7] (see also Theorem 4.1(v), p. 320 in [4]) we obtain that
I Z E(M,f|]?k_1) < oo} - I Z My < oo} almost surely.
k=—1 k<—1

In the reverse martingale formulation this means that

{ZE(M,?lka) < oo} c {ZMk < oo} almost surely. (23)
k=1 k=1

Hence we write
E(M|Fir1) = B2 |Fest) — (B | Firn)
= E(Ly | Fer)[ 1 = Bl Fir) |
< E(La|Fir). (24)

If Zk>1E(1Ak|Fk+1) < 00, then by (23) Zk>1 My is almost surely convergent. Using
D1 lag = 2ps1 M+ D451 Ea | Fit1), we deduce (22).
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Step 2: We prove that

{Z]E Lag| Fier1) = } {ZlAk_+oo}

k>1 k>1
For the event
{ZE(IAk|.7‘—k+1) = +oo} n {ZE(M,%VHI) < oo} :
k>1 k>1

thanks to (23) we have ) ;.| My < oo and consequently

Z Lo, = ZMk + ZE(IAk|-7:k+l) = +00.

k>1 k>1 k>1
So it remains to prove the inclusion (25) for the event
A= {ZE(IAmH) = +oo} n {ZE(M;?IFM) = +oo} :
k>1 k>1

If (I:In)nf_l is an (ﬁ,)nf_l-martingale we define forn < —1
~ k==1 ~ ~ ~
(H)jy= Y E [(Hk - Hk—l)2|-7:k—1] :

k=n

Now let (f(,,)ng_l be the martingale defined by

k=—1 & R k=—1 < <
~ St — Sk—1 Sk — Sk—1
Xn = Z =3/4 Z 4_ 3/4°
k= 1+ <S>k k=n j==1 ~ o =
I+ > E(Mj|fj_1)
j=k

We are working on the event A on which lim,,_, _ (S’ Yn = +00. Since

k=—1 ,& <
- (She — (Shk—1
<X)n = 7
= (14 31
(S)x dt

k=—
g [<S>k_. (1+ 13/4)?

/"0 dt
< - <00
0 (14134

IA

A

the martingale (f(,,),,g, 1 converges almost surely on A. Kronecker’s lemma implies that

k=—1

lim Sk—Skl =0,
n—— 001+<S3/4 Z

1473

(25)
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and thus lim,H,oo(ZiZ; ! ]\7Ik) / (5),31/ 4 0 or equivalently

n

> My
: k=1
lim

no+too / n 34
(Z E<M£|fk+1)>
k=1

Then there exists a random K > 0 such that for sufficiently large n we have Y ;_, My >
—1/2(X0_ E(MZ| Fer))™. With (24) we may write

n n n

D 1p =D M+ ) E(a|Fis1)
k=1 k=1 k=1
n

n
> M+ ) E(MF|Fit)

k=1 k=1

n

n 3/4 1/4
> (ZE(M%mm) —1/2+ (ZE(M@%») :
k=1

k=1
$0 lim,— o0 Y z_; 14, = 400. The proof is now complete. [

Proof of Theorem 2. Let ¢ > 0 and 7 > 0 be fixed. Let (#,),>1 be a decreasing sequence of
negative real numbers such that

lim ¢, = —o0;
n— o0

tht1 <ty —T and

H-1
Z(tn = Int1) < 0.

n>1

Step 1: We prove the property for a single fBm (B(t));cr. We define F;, = o{B(r); —oo <r <
t,} and for r > f,4| we set

B"*\(t) = E(B(1)|F,,.)
B0 = Bt - B (1),

By the Gaussian properties of the fBm it follows that B (¢) is independent of 7, . We set

Ap(e) = sup  |B(t) — B(s)| <€,
ty—T<t,s<ty

A, (e) = sup B (1) — B"'H(s)‘ <ey,
ty—T <t,s<ty

Ane) = sup EnH(t) — EHH(S)‘ <eyg.
ty—T <t,s<ty

One has A,(£/2) C An(g) U (A,(g/2))¢ and then

Lase) + (G, er20¢ = 17,0002)
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We take the conditional expectation with respect to 7, and we deduce that
E (L, Fni1) = P (An(e/2) = 17, /e

because A, (g/2) is independent of Ftyy1» While A, (¢/2) belongs to F;, . . Arguing as above we
also obtain

P(Au(e/2) + P((An(2/4))) = P(An(2/4)).

We add these inequalities and we get

E (La,0)|Fry1) = P(An(e/4) = PUALE/D)) = LT e 2y (26)
‘We will show hereafter that
D P((Au()) < o0, 27)
n>1
while
—cT
P(An(£)) > exp (SLH) . 28)

Assume for a moment that these inequalities hold true. Then from (26) we deduce that
> on=1 B4, )| Fr,,,) = 0o as. and by Lemma 9 we obtain ) - 14,¢) = 00 as., which
implies the expected result.

Proof of (27). Lett, — T <s <t <t,. By (21) we have

Bn+1(t) _ Bl’l"r] (S) — ]E [/

—00

In+1

cH [(s —r)H_% —(t —r)H_%}dWr

Ttﬂ+l :|

2 P
dr) .

In the above integral we make successively the changes of variables v = r —s and u = v/(t —s).
This yields

and for p > 1 we obtain

n
E (|Bn+1(t) _ B}’l+1(s)|2p) <c (/ +1

—00

(s —rH=1— (1 -2

i In+_lr—.§' 2
(E(1B™ @0 = B 0)P7))" = c(t—s)z”/ T |ewt - a0t
—00
n41—5
1—=s
<c(t— s)2H (—u)2H73du
—00

where we have used the fact that for —u sufficiently big (and positive), |(—u)" -3 - (1 -
u)! ’%| < c(—u) ~3. The above inequality is then true for sufficiently large n. Finally we
obtain that

E(18" 0~ B 0P?) < e (6= 90— i) 29)

Now we use the Garsia—Rodemich—Rumsey inequality (see [8]): let f be a continuous function,
and p and g two continuous strictly increasing functions on [0, co) with p(0) = g(0) = 0 and
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lim, o0 0 (x) = 00. Then it holds that
s 4C
If () — f(s)] < 8/ p—l( u“)dg(u)

with € // (If(t)—f(s/)|>ds/dt/
S gt —s']) '

We apply the above inequality with p (1) = u* and g(u) = u. Thus there exists a constant ¢ and
a random variable §,, such that

IB" (1) — B (5)| < 8, x |t —s|'/%  with

n+1 n+1,./ 4 174
me([1 [ (OO )
th—T Jitn— -

By (29) and the Jensen inequality, it is clear that

E(8,1%7) < ¢TP(ty — thy1)?PHD,

and we obtain

sup
=T <t,s<ty

B (1) — B"“(s)‘ <cT2s,. (30)

Now we write that

~ . 1
P((An(e))) < —E( sup | B" (1) — B"*‘@)\)
€ ta—T<t,s<ty,
1/2 T]/2 1/
< (EeD)
T
< et =ty

and since ), - (ty — the 1)1 < 00, we obtain (27).

Proof of (28). This inequality is a consequence of Talagrand’s small ball estimate (see [18]
or [14, Theorem 3.8]). Indeed, one needs al least Ts~ 1 balls of radius & under the Dudley metric

d(s,t) = (E|B(1) — B(s)|2)1/ % to cover the time interval [£, — T, t,]. It follows that there exists
a constant ¢ such that

T

logP sup  [B(t)—B)| <¢e|=—c—
tn—T <t,s<ty €

and we deduce (28). This achieves our first step.

Step 2: We prove Theorem 2 for the noise F (¢, x) = Zkzl Fi(x)Bi(t). With ¢, = ”Fk”C,f(R)’

we define

B(t) = cBi(1).

k>1
Fort > t,41, weset F;, = o{By(r); —oo <r < ty; k> 1} and
Bt (1) = EB®)|F,.,)
o =Bw) — B 0.
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Replacing B by B in the events A, (¢), AV,, (¢) and A, (¢), we define the events A, (s), Kn (¢) and
An () by

Ay (e) = ch sup IBk(t)—Bk(S)ISb“},

k>1 tg—=T<t,s<tp

Kn (e) = Z Ck sup

k>1 tn—=T=<t,5<tp

B0 — By s < s} ,

Kn(e) = ch sup

k>1 tg—=T <t,s<tp

B - EZ“(s)‘ < g} .

Clearly (6) will be proved as soon as the inequalities (27) and (28) are replaced by

Y P((An(e))) <00 and (31)
n>1
—cT
P(An(e)) = exp (—H> . (32)
&

The inequality (30) is valid for any of the fractional Brownian motion By. Thus for any £ > 1

sup | B (1) — B"+1(s)‘ <12,

tn—=T<t,s<ty

and we deduce that

P((An(e))°) <

sup
k>1 th—T<t,s<tp

cTV? (Z ck> E(8,)

k>1

¢ T(tw — tarD)™ ! (Z ck) :

k>1

B]?+l (t) _ B£+1(S)‘>

A
™ | =
&=
PR
]
S

IA

IA

We use D ;. ck < oo (Hypothesis III(a)) and (31) holds true.
Now we prove (32). We repeat the arguments of the proof of (28). We have for any k,n > 1

T<t,s<t,

ck2/H TeH
P .S 1Be(®) = Bi(s)l = —¢ ZeXP{_CSsz}’

with € = Zkz 1 ckk¥H < 00 (Hypothesis III(a)). For each n the events

k2/H
Ay i(e) = { sup  |Bi(1) — Br(s)| = £ 7 } k>1

thn—T<t,s<t,
are independent and Ng>1 Ay k(€) € A, (e). Then
IP(A())>1_[]P>(91 (e) > — TQ:HZL 0
2(8)) > nk (8)) > exp CSH >

2
k>1 k>1 k

and (32) is proved. This completes our proof. [J
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Appendix A. Proof of Proposition 4

Step 1: W satisfies the Hamilton—Jacobi-Bellman equation (13). We define
1%) .
Br(t1, 1) = {s € H'(11,0); 1§ +/ €()[Pds < R}
3]

which is clearly a closed and bounded subset of H!(zq, 12), and hence weakly compact. Now
we prove that there exists on Br(f, t) one minimizer of & = F(§) = Ay (&) + Up(§(1)).
By the weak compactness of Bpg(ty,t) it is sufficient that & + F(&) is lower semi-
continuous. Following [7, Theorem 1.9.1] we just have to check the lower semi-continuity of the
stochastic part

t
SE == | (Bi(s) — Bilto) F{(E($)E (5)ds.

k>17Y10

Let (§,),>1 be a sequence of Bgr(fo,t) converging to & weakly. The weak convergence on
BRr(to, t) implies the uniform convergence on [7g, t]. Writing S(§) — S(&,) = S,i + S,% with

t
si=Y /t (Bi(s) — Br(to) [ F{ (5 (5)) — F{(£(s)]En(s)ds

k>1

t
Si=Y_ / (Bi(s) — Bi (o)) F{ (§(s)[£a(s) — §(5)]ds,
k=171

and by uniform convergence, lim, S,ll = 0. The weak convergence and the fact that s >
> k=1 (Bi(s) — Bi(10)) F{(5(s)) belongs to L*(fo, t) yield lim, S3 = 0.

Hence~we have the lower semi-continuity and thus there exists a minimizer &yin € Br(fo, t)
of & = Ay (8) + Up(§(%0)). So for every t, x, there exists a minimizer §nin € H'(t9, 1) with
Emin(t) = x such that

Wt = inf {4y (©) + Uo( )]
eH 19,1
E(t)=x

t
= / L(s. &min(s). €min(9))ds + Uo(Emin (10)). (33)
fo

Working with the right end-point condition £(¢#) = x in the calculus of variations will not affect
Theorems 1.9.2, 1.9.3 and 1.9.4 of [7]. Thus there exists M such that for any (¢, x) and (¢/, x’) in
R x R,

(W(t,x) — W(t',x")| < M(lt — ' + |x = x')). (34)

The equation satisfied by W will be obtained thanks to the following version of the dynamic
programming principle. Indeed we can observe that for any 1o < r <t,

t
W, x) = inf (/ L(S,E(S),é(S))ds+W(r,$(r))>-
Y\
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Now let 0 < h < t — g and take r = ¢ — h in the above identity. We subtract W (¢, x) from both
sides and we get

'
inf (1/ L(s,s<s>,é(s)>ds+1(W<t—h,5(r—h>>—wa,x>)>=0.
5651;1')80,0 h J—p h

When & | 0, we obtain

aw . . Iw .
——— (@, x)+ inf (L(t,x, §(0) — — (@, x)x 5(0) =0
ot A0 ox
E(t)=x

+8W(t ) — inf 8W(t )+ L(t ) 0
— (@, x)—mf | —g X — (¢, x X, =
ot geR 9 0x 9

oW aw
+—(t,x)+sup <+qx_(t1x)_l’(t9x1q))=0
at geR 0x

ow ow
+_(t7x)+H tyx9_(tvx) =0
ot ax

where p — H(t, x, p) is the Legendre transform of ¢ — L(¢, x, g). Using the behavior under
translation of the Legendre transform, we have H (¢, x, p) = ¥ (p+v(t, x)) where v is defined in
(11). In other words, for all 7, x we have that W satisfies the Hamilton—Jacobi—Bellman equation
(13) (also referred to in the literature as the dynamic programming equation).

Step 2: semi-concavity.
The concavity of x — W (z, x) — K x? is equivalent to

Wit x) > %(W(t,x +h)+W(t,x —h) — K <1 + ) x h?,  Vx, h. (35)

t—1
Let &min be the minimizer of the action such that W satisfies (33) (we recall that £y, (1) = x).
We introduce yy4j and yy—p in H L(to, 1) defined by

s — 1o

t—1

Yx+h () = Emin(s) £ h,

thus satisfying Y+, (t) = x £ h and y, 45 (f0) = &min(to). We calculate

AL, =Wt x+h)+ W, x—h)
< ft(L(s, Veth ()s Vern () + LS, va—n(s), Ya—n(s)))ds
"‘IOUO(Vx—i-h (10)) + Uo(yx—n(t0))
< /tot (L(s, Emin(5), Yxtn (5)) + L(s, Emin($), Yx—n(s)))ds

t
+ / (LGS, Varh (8, Vegn (8)) — L(s, Emin(s), Vxtn (5)))ds
b1

0
t

+ / (L(s, Ye—n($), Yeen($)) = LS, Emin(s), Ye—1(5)))ds + 2Uo(Emin(t0))

fo

< 8L, + 82, + 8, 4 2U0Emin(10)),
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with obvious notation. First we evaluate the term § )1( ;- Werecall that since ¥ is uniformly convex,

for any real ¢ we have ¥”(g) > 6. Then the Legendre transform L(s, x, p) = W (-, Yx+h (s))*(p)
satisfies (see [5, page 131])

1 1 1
EL(S’X’ p1) + EL(S’ x,p2) < L(s,x, (p1 + p2)/2) + @Im - p2l*.
Using the identities yyyp + Yy—p = Zémin and Yy4p — vx—n = 2h/(t — to), we deduce that

t
3L =2 [ {L6. Erun(s), Gran(6) + Fuon(6)/2) + Clian® = Faon(o)1] ds
1

0

t . h2
<2 f LS. Emin(s)s Emin(5))ds + C——.
10 t—1

We finally obtain that

2

81 4 + 2Uo(Emin(10)) < 2W (1, x) + Crr

Now we write

t
Sen = f > (Bi(s) = Belto)) [F{(u4n(9)) = Fy Emin(s)] 711 (5)ds
fo

k>1

t
- [ {Z(Bk<s>—3k(ro))y'x+h(s)
fo

k>1

1
X (fo F (1 = v)Vatn(8) = VEmin(s)) (Va4n(s) — Emin(S))dV) }ds

t 1 —
= / { E (Br(s) — Br(t0)) (/ F (Emin(S) +1 - V)s toh) dv)
fo 0 r—1

k>1

x(émm<s)+ " )S_"’h}ds

t—1ty/)t—1

and analogously it holds that

t 1 B
85 = / {Z(Bus)—Bk(ro)) ( / F (smm(s>—<1—v>s toh) dv)
to 0 t—1

k>1

X (émin(s) - " )S il (—h)}ds.

t—1ty/t—1
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We compute the sum

82,483, = / {Z(Bk(s) By (t0)) ( e

k>1

1 _
x ( / [Fé’ (smm<s>+<1 — )2 t‘)h)
0 t—1
— 10 )]du)}ds
— 1t

/ {Z(Bkm Bk(fo))( )smm<s)

k>1

1 s — 1o
x ( / [F,? (smm(s) +(1—v) h)
0 t—1
- K (smin(s) SR t°h)]dv)}ds
t—1

and using Hypothesis I and the identity

1 - J—
/ [F’g (gmi“(s) + -y toh) —F <€mm(s) — -3 mh)} v
0 =10 r—1
/ / F]é// (émm(s)‘i‘(l —2ur)(1 —v)

we deduce that

2 3 A+1 2
825+ 83 <20 — 10" I llooll Billigsn x B
k>1

+F (gmmm — (-

)dp,Z(l—v) hd,u
Io

A 2
+ (0= 100" D NF ool Billig.r.r X h* 5 &minll 111y 1)
k>1

< Cx h2.
As a conclusion we obtain (35).

Remark. By Alexandrov’s theorem (see Appendix E in [7]), x — W (¢, x) is almost everywhere
twice differentiable.

Appendix B. Proof of Proposition 5
Proof of (a). We define

Zanucs{ sup |Bk<s)—Bk<r>|}.

k>1 L =r=s=pb
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Fort; <t < t; the operator L : cla, ) — Cl(t, 1) is defined by

L(E) =V (v)
15) .
v(s) = vit2) = / > (B(r) = Bu()) F{ € (r))é (rydr
Sok>1
+ Z(Bk(tz) — Bi(9)) F{(£(12))
k>1

with L(£)(12) = &(t2) and L(€)(12) = ¥’ (v2) = &(t2). We have
ILE) .00 < W' @E)]+ 1T (W) — ¥ (0E))l1.1r.00

< @)+ Lllv — v()llr.1.00

< e+ Lt — "KL (2 — ) E o0 + 1)

and since L(&)(s) = &(rp) + j;tz E(f)(r)dr we may write
ILE 112,00 < 1E@)] + Crypiy (82 — (1 + 1€ ll1.13.00)-

Consequently ||,C(§)||C1(l’[2) <&+ P ()| +Ct — ) + ||$'||C1(l’,2)) and the operator £
satisfies L(By) C By with

By =1{& € C'(t,12) : |Ellciy < 201 + &2 + ¥/ (0)])

provided that ¢ is small enough to ensure that C(r, — t) < 1/2. Let y1,y» € Bp and
vi = (¥)~1(y) fori = 1, 2. The following identity:

15}
vi(s) = va(s) = — / D (Be(r) = Bi@) F{ i () [%1.(r) — ya ) ]dr
S k>1
1)
— [ D (Butr) = Bi@)[F{ 1) — F () ]ya(r)

S k>1

implies that

L) = LoD 1) < Clta = Dyt = 1aller -

Hence L is a contraction on By (with ¢ eventually smaller) and there exists & € By such that
L&) = &. Then there exists a unique solution in C L(¢, 1) to the Euler-Lagrange equations
(15) for short time. By a concatenation argument, the existence and uniqueness is extended to
Cl(t1,1). O

Proof of (b). Since y minimizes the functional A;, ;,, we have that for any & € H;lf,t)ch £

%Arlh(y + €&) equals 0 in ¢ = 0. This yields

[2 . .
0= / [(u'/*)’<y'>(s)e<s> — > (Bi(s) — Be(t)) (F{ (y)v& + F;ﬁ(y)é)(s)}ds
n

k>1

+ ) (Bi(t2) — Be(t)) F{ (y (12)&(12).

k>1
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For 11 < 11 < 1o < 1p, we write this identity with &, defined as

En(s) = 0 X 1pyy 111U[m201 () + (s — (71 = 1/m)) g, 1 /m, 71 (5)

+ 11z, 51 (8) + n(=s + (22 + 1/m) ey, cr41/m1(5).

‘We obtain

n+1/n T
/ n(U*Y (7 ())ds — f n(T*Y (7 (s))ds

o) T71—1/n

1]
=— / > (Bi(s) = Bi(t) F{ (v ()7 (s)ds

L k>1

T
- / Z(Bk(s) — Bi(t)(F{ (y)y§n)(s)ds

T]—l/n kZI

7
- / n Y (Bi(s) — Bi(t) F{(y (s))ds

1=1/n k>

»n+1/n
- [ ) - B i 6)ds
o

k>1

n+1/n
+ / 1S (Bi(s) — Bultn) F{(y (5))ds.

2 k>1

We remark that sup,, ||, ]lc < ¢ and easy arguments allow us to let n go to infinity. Hence

2}
(I (1) — (¥ (y (1) = —/ Z(Bk(s) — Bi(t) F{ (v (5)y (s)ds

T k>1

+ ) (Bi(r2) — Be(t)) Fi (v (12))

k>1

— > (Bi(t1) = Be(t) F{(y (11))

k>1

1483

which implies that T > (¥*)’(y (1)) is continuous and since (¥*) = (¥)~!, 7 > y (1) is also

continuous. Consequently, and with

g(s) =Y _(Bi(s) — BL(t)) F (y ()7 (s)

k>1
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and the integration by parts formula (9), one may write

1)
(T (y () — (¥ (y(11)) —/ g(s)ds + g(r2) — g(t1)
n

il
- <—/ g(s)ds + g(t1) —g(t1)>
n

(9 71
= | D Fy6)dBis) — | > F(y()dBi(s)
k> n g>1
©
~ f > Fl(y (5))dBi(s).
T k>1

By the continuity of 7 ler Zkzl F,é (v (s))d By (s) (see Prop. 4.4.1 in [22]), the above formula
is also true for 71 = ¢ and 1y = #,. Thus the formula (16) is true and y € Cl(n,n). O

Proof of (c). We recall that ¥’ is Lipschitz (Hypothesis II(a)) and the Legendre transform of ¥
satisfies also the linear growth condition c1|v|'T¥ < |#*(v)| < c2|v|' TP witha = 1/ky, B =
1/k; and two positive constants c3 and ¢4 different from those in Hypothesis II(b)).

Let tj <t < 1 and s be such that |p(s)| = infrep, 1) |y (r)]. Writing y(£) = (¥’ o
()™ @) = (& o (F) ) (5)) + p(s), we have

vl < LI @) — (@) @)+ 176l

<L x As,t + ”y”Ll(tl,tz)’
h—n
with
Agr = (TG @) — () G s))l
t
= — | Y _(Bet) — Bi®) F{' (y )y (r)dr + Y (Bi(t) — Bi(9)) F{(y (1))
S k>1 k>1

< Chp +Con Vi 0

Consequently,

ly()]| < Cy L + (Ctl,tzL +1/(2 — fl)) 17121ty 1) (36)

Now we estimate the L' norm of y. We recall that ¢1|v|!T® < | ¥*(v)|. By Young’s inequality
ab < (c1/2) a't® 4 cb179/« and Jensen’s inequality we obtain

15}

i ; (tefa | €1 [ e
> (Ber) = Bus) F (y ()3 (0dr < e (= )G + = / 17 ()] ds.
151 k>1 151
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Since y is a minimizer,

15}
Amdw=i/!WW6D—§}&®%—MMDHW6Dﬂ®w
il k>1
+ Y (Bi(ta) — Bi(t) Fi(y (12))
k>1
and
15}
%fhmwﬂwsAmwnwm—m¢$W+Q@ (37)
n

By the minimization property of y, A;, 1, (¥) < Ay 1, (£) with the curve & defined by &(s) =

x1 4+ (s —1)/(ty — 1) x (x2 — x1). Using | ¥*(v)| < c2|v|'T# we may write

(xy —x)! P
(p —n)P

where we used the fact that #; — #; > 1. We report the above inequality in (37) and we get that

Atl,tz(y) S c Ctl,tz + c S c ((x2 - x1)1+ﬂ + Cl‘],tz)

5]
. 1
[ retas < e (= x) 4 €+ 0 - )
I
Since |7l 1,1,y < (02 — 1) TP | ivagy, 4y With (36) we obtain

) (1 — 1)®/ 1+

. 1
|)’(t)| = CC[],[2+C(Ct1,t2+
h —1

| 1/(14+a)
X ((xz —x)'"PrCpp + ey, — tl))

n.,n

and using the inequality (1 + x)* < 1+ x“ whena < 1 and x > 0, we deduce (17). O
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