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A remark on the mean square distance between the solutions of
fractional SDEs and Brownian SDEs

Bruno Saussereau*

Laboratoire de Mathématiques de Besançon, UMR 6623, 16 Route de Gray,
25030 Besançon cedex, France

(Received 21 February 2008; final version received April 2009)

We study the family of solutions of differential equations driven by fractional
Brownian motions when the Hurst parameter varies between 1/2 and 1. The drift and
the diffusion coefficient may also vary in a family of differentiable functions. We prove
that there exists a finite covering of this set of solutions by open balls of L2ð½0; T� £VÞ
centred in some solutions of classical stochastic differential equations driven by a
Brownian motion.

Keywords: stochastic differential equations; fractional Brownian motion; Malliavin
calculus; fractional calculus

AMS Subject Classification: 60H05; 60H07

1. Introduction

Let H be a parameter that varies in ðH0;H1Þ with 1=2 , H0 # H1 , 1. Suppose that

BH ¼ ðBH
t Þt[½0;T� is an m-dimensional fractional Brownian motion (fBm in short) with

Hurst parameter H. We mean that the components BH; j, j ¼ 1; . . . ;m; are independent

centred Gaussian processes with the covariance function

RHðs; tÞ ¼
1

2
t 2H þ s2H 2 jt 2 sj

2H
� �

: ð1Þ

It is well known that BH has a-Hölder continuous paths for all a [ ð0;HÞ (we refer to [13]

and references therein for further information about fBm and stochastic integration with

respect to this process).

We temporarily fix 1=2 , H , 1 and we consider the solution {Xt; t [ ½0; T�} of the

following stochastic differential equation (SDE) on Rd:

Xi
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jðXsÞdBH; j
s þ

ðt

0

biðXsÞds; t [ ½0; T�; ð2Þ

i ¼ 1; . . . ; d, x0 [ Rd is the initial value of the process X.

Under suitable assumptions on s, the processes ðs ðXsÞÞs[½0;T� and BH have trajectories

that are Hölder continuous of order strictly larger than 1=2, so we can use the integral

introduced by Young [17]. The stochastic integral in (2) is then a path-wise Riemann–

Stieltjes integral. A first result on the existence and uniqueness of a solution of such an
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equation was obtained in [11] using the notion of p-variation. The theory of rough paths

introduced by Lyons [11] was used by Coutin and Qian in order to prove an existence and

uniqueness result for equation (2) (see [3]). The Riemann–Stieltjes integral appearing in

equation (2) can be expressed as a Lebesgue integral using a fractional integration by parts

formula (see Zähle [18]). Using this formula, Nualart and Răşcanu have established in [14]

the existence of a unique solution for a class of general differential equations that includes

(2). The Malliavin regularity and its application to the absolute continuity of the law of Xt

have been studied in [2,9,12,15]. The flow property of the solution of (2) is studied in [6].

In this work, we investigate further properties of the process X, solution of equation

(2). It is well known (and this will be recalled hereafter) that the fBm BH can be obtained

by a transfer procedure from a classical Brownian motion W. Let { �Xt; t [ ½0; T�} be the

solution of the following SDE on Rd:

�X
i
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jð �XsÞdWs þ

ðt

0

bið �XsÞds; t [ ½0; T�;

i ¼ 1; . . . ; d. The starting point of this work is the following remark. Assume for the

moment that m ¼ d ¼ 1 and the function s is identically equal to 1. A simple computation

shows that

jXt 2 �Xtj # jBH
t 2 Btj þ c

ðt

0

jBH
s 2 Wsje

cðt2sÞds

and using Lemma 3.2 in [5], we obtain that

E

ðT

0

jXt 2 �Xtj
2
dt # cjH 2 1=2j

2
:

In this simple case, when H is close to 1=2, the solution of the SDE (2) is close to the one

driven by the Brownian motion W. It does not seem clear that analogous results hold when

the diffusion coefficient is unspecified.

Our main result is that we can find a finite covering of the family of all the solutions of

(2) (when coefficients b and s belong to a certain class and parameter H varies in ½H0;H1�

(1=2 , H0 # H1 , 1)) by L2ð½0; T� £VÞ – open balls centred in solutions of equations

driven by the Brownian motion from which our fBms are transferred.

We mainly use two ingredients. The first one is the relative compactness in L2ð½0; T� £

VÞ of this family of solutions and the second one is an approximation of the solution of

SDEs constructed by replacing the driving processes BH in the stochastic integrals by its

polygonal approximation. In order to achieve this programme, we will need some

estimations of the solution deterministic differential equations driven by the Hölder

continuous functions of order greater than 1/2. These estimations are stated in Section 3

and they are more precise and accurate than the estimations contained in [9]: we give the

precise behaviour (when H varies in ð1=2; 1Þ) of the constants involved in our estimations.

In Section 2, we give the framework we use and state our results. The proofs of our main

result are given in Section 4. Finally, some technical lemmas are proved in the Appendix.

2. Notations and main results

2.1 Notations

We briefly point out the well-known framework for an m-dimensional fBm BH (see [13]

for details). LetH be the Hilbert space defined as the closure of the set of step functions on
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½0; T� with values in Rm with respect to the scalar product

1½0;t1�; . . . ; 1½0;tm�

� �
; 1½0;s1�; . . . ; 1½0;sm�

� �� �
H¼

Xm

i¼1

RHðti; siÞ:

We introduce the operator K*
H defined for any w ¼ ðw1; . . . ;wmÞ [ H and i ¼ 1; . . . ;m

by

ðK*
Hw

iÞðsÞ ¼ cHs1=22H

ðT

s

t H21=2ðt 2 sÞH23=2w iðtÞdt:

Thus, K*
H provides an isometry between the Hilbert space H and a closed subspace of

L2ð0; T;RmÞ and it holds for any w;c [ H;

kw;clH ¼ kK*
Hw;K*

HclL 2ð0;T;RmÞ ¼ E BHðwÞBHðcÞ
� �

:

The following inequality will be used in the following: there exists a constant cðTÞ that

depends only on T such that

K*
Hw

�� ��2
L2ð½0;T�Þ

# cðTÞ

ðT

0

w2ðtÞt 1=22H dt; ð3Þ

provided that the right-hand side of the above inequality is finite.

There is a link between the stochastic integration of deterministic integrand with

respect to the fBm and with respect to a Wiener process which is naturally associated with

BH . This correspondence is usually called the transfer principle. The process W ¼

ðWtÞt[½0;T� defined by

Wt ¼ BH ðK*
HÞ

21 ð1½0;t�; . . . ; 1½0;t�Þ
� �� �

is a Wiener process, and the process BH has the integral representation

BH;i
t ¼

ðt

0

KHðt; sÞdWi
s; i ¼ 1; . . . ;m;

where the square integrable kernel KH is defined for s , t by

KHðt; sÞ ¼ cHs1=22H

ðt

s

ðu 2 sÞH23=2uH21=2 du

with

cH ¼
Hð2H 2 1Þ

bð22 2H;H 2 1=2Þ

� 	1=2

(b denotes the Beta function). We set KHðt; sÞ ¼ 0 if s $ t.

2.2 Main results

For c0; c1; c2 . 0 we denote

. C1c0;c1 the family of all differentiable functions w : Rd ! R such that

kwk1 # c0

kw0k1 # c1;

(
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. C2c0;c1;c2 the family of all twice differentiable functions w : Rd ! R such that

kwk1 # c0

kw0k1 # c1

kw00k1 # c2:

8>><
>>:

We consider a family of fBms ðBHÞH[½1=2;1Þ defined on a complete filtered probability

space ðV;F ; ðF tÞt[½0;T�;PÞ transferred from a unique Brownian motion ðWtÞt[½0;T�.

Let H . 1=2, x0 [ Rd, bi and s i;j belong, respectively, to C1c0;c1 and C2c0;c1;c2 for

i ¼ 1; . . . ; d and j ¼ 1; . . . ;m, we denote ðXtðH; x0; b;s ÞÞt[½0;T� the solution of

equation (2)

Xi
tðH; x0; b;s Þ ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jðXsðH; x0; b;s ÞÞdBH;j
s

þ

ðt

0

biðXsðH; x0; b;s ÞÞds:

The main result of this work deals with the set SH0;H1

c0;c1;c2
of all the solutions of SDEs (2)

driven by fraction Brownian motion BH (when H varies in ½H0;H1� and the coefficients

b [ C1c0;c1 and s [ C2c0;c1;c2 ), namely

SH0;H1

c0;c1;c2
¼ ðXtðH; x0; b;s ÞÞt[½0;T� : H0 # H # H1; jx0j # c0;




bi [ C1c0;c1 ; s ij [ C2c0;c1;c2 ; i ¼ 1; . . . ; d; j ¼ 1; . . . ;m

�
:

Our result states that we can find a finite covering of SH0;H1

c0;c1;c2
by open balls of L2ð½0; T� £

VÞ centred in some solutions of SDEs driven by the Brownian motion W.

Theorem 1. Let c0; c1; c2 . 0 and 1=2 , H0 # H1 , 1. There exists R . 0, an integer N

and for k ¼ 1; . . . ;N there exists:

. some initial values xðkÞ;0 [ Rd such that jxðkÞ;0j # c0,

. some drift coefficients bi
ðkÞ [ C1c0;c1 for i ¼ 1; . . . ; d,

. some diffusion coefficients s
ij
ðkÞ [ C2c0;c1;c2 for i ¼ 1; . . . ; d and j ¼ 1; . . . ;m

such that the set

SH0;H1

c0;c1;c2
,
[N
k¼1

Z [ L2ð½0; T� £VÞ : kZ 2 �XðkÞkL2ð½0;T�£VÞ , R
n o

;

where the process ð �XðkÞ;tÞt[½0;T� is the unique solution of the SDE

�X
i
ðkÞ;t ¼ xi

ðkÞ;0 þ
Xm

j¼1

ðt

0

s
i;j
ðkÞð

�XðkÞ;sÞdWj
s þ

ðt

0

bi
ðkÞð

�XðkÞ;sÞds:

We will make use of the following compactness property of Itô’s functional. This property

has its own interest.

Proposition 2. For any c0; c1; c2 . 0 and 1=2 , H0 # H1 , 1, the set SH0;H1

c0;c1;c2
is

relatively compact in L2ð½0; T� £VÞ.
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The classical counterpart of this property for Brownian motion can be found in [4].

To prove these results, we will need estimations of the solution of (2) uniformly when

the drift coefficient is in class C1c0;c1 and when the diffusion coefficient is in C
2
c0;c1;c2

. This is

quite classical. The uniformity with respect to H [ ½H0;H1� of our estimations requires

more technical computations and is less classical. This is the aim of the next section.

3. Deterministic differential equation driven by rough functions

First, we introduce some preliminaries. For 0 , l # 1 and 0 # a , b # T , we denote by

C lða; b;RdÞ the space of l-Hölder continuous functions f : ½a; b�! Rd, equipped with the

norm

k fkl :¼ k fka;b;1 þ kfka;b;l;

where

kfka;b;1 ¼ sup
a#r#b

j f ðrÞj;

kfka;b;l ¼ sup
a#r#s#b

j f ðsÞ2 f ðrÞj

js 2 rj
l

:

We simply write C lða; bÞ when d ¼ 1. Suppose that f [ C lða; bÞ and g [ Cmða; bÞ

with lþ m . 1. From [17], the Riemann–Stieltjes integral
Ð b

a
f dg exists. In [18], the

author provides an explicit expression for the integral
Ð b

a
f dg in terms of fractional

derivatives. Let a be such that l . a and b . 12 a. Then, the Riemann–Stieltjes

integral can be expressed asðb

a

f t dgt ¼ ð21Þa
ðb

a

Da
aþf

� �
ðtÞ D12a

b2 gb2

� �
ðtÞdt; ð4Þ

where

Da
aþf ðtÞ ¼

1

Gð12 aÞ

f ðtÞ

ðt 2 aÞa
þ a

ðt

a

f ðtÞ2 f ðsÞ

ðt 2 sÞaþ1
ds

� 	
;

and

Da
b2gb2ðtÞ ¼

ð21Þa

Gð12 aÞ

gðtÞ2 gðbÞ

ðb 2 tÞa
þ a

ðb

t

gðtÞ2 gðsÞ

ðs 2 tÞaþ1
ds

� 	
:

We refer to [16] for further details on fractional operators. Set 1=2 , b , 1 and let

g [ C bð0; T;RmÞ. We shall work with deterministic differential equation on Rd of the

form

xi
t ¼ xi

0 þ

ðt

0

biðxsÞds þ
Xm

j¼1

ðt

0

s i;jðxsÞdgj
s; t [ ½0; T�; ð5Þ

i ¼ 1; . . . ; d, x0 [ Rd. We introduce the following assumptions.

H1: There exists b0; b1 [ R such that bi [ C1b0;b1 , 1 # i # d:

H2: There exists c0; c1; c2 [ R such that s i;j [ C2c0;c1;c2 , 1 # i # d and 1 # j # m:

It is proved in [14] (Theorem 5.1) that if 12 b , a , 1=2, the above equation has a

unique ð12 aÞ-Hölder continuous solution. The estimates on the solution ðxtÞt[½0;T�

obtained in [14] were improved in [9]. The following result is a more precise and accurate

version of these estimates.

Stochastics: An International Journal of Probability and Stochastic Processes 5
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Theorem 3. Let g be Hölder continuous of order 1=2 , b , 1. Assume that b satisfies

condition (H1) and s satisfies (H2). Then for all T, there exists a constant kðTÞ that

depends only on T such that the solution ðxtÞt[½0;T� of equation (5) satisfies

kxkb # jx0j þ kðTÞðb0 _ c0Þð1þ c21Þ 1þ
kgk0;T ;b

b2 1=2

� 	1þ1=b
" #

: ð6Þ

Proof. We follow the arguments developed in [9]. We restrict ourselves to the case

d ¼ m ¼ 1 for simplicity.

First, we prove that

kxk0;T ;1 # jx0j þ kðTÞðb0 _ c0Þ 1þ
c1kgk0;T ;b

b2 1=2

� 	1=b
" #

: ð7Þ

With 12 b , a , 1=2, we use (4) and we obtain for all 0 # s; t # T

ðt

s

s ðxrÞdgr

����
���� #

ðt

s

jDa
sþs ðxrÞD

12a
t2 gt2ðrÞjdr:

We have

jD12a
t2 gt2ðrÞj #

b

ðaþ b2 1ÞGðaÞ
kgk0;T ;bjt 2 rj

aþb21
and

jDa
sþs ðxrÞj #

c0

Gð12 aÞ
ðr 2 sÞ2a þ

ac1

ðb2 aÞGð12 aÞ
kxks;r;bðr 2 sÞb2a: ð8Þ

It follows that

ðt

s

s ðxrÞdgr

����
���� # c0b

ðaþ b2 1ÞGðaÞGð12 aÞ
kgk0;T ;b

ðt

s

ðr 2 sÞ2aðt 2 rÞaþb21 dr

þ
bac1

ðb2 aÞðaþ b2 1ÞGðaÞGð12 aÞ
kgk0;T ;bkxks;t;bðt

s

ðr 2 sÞb2aðt 2 rÞaþb21 dr:

We recall that the Beta function is defined by Bða; bÞ ¼
Ð 1
0
ð12 jÞa21jb21dj ¼

ððGðaÞGðbÞÞ=Gða þ bÞÞ. The change of variables r ¼ ðt 2 sÞjþ s implies

ðt

s

s ðxrÞdgr

����
���� # ka;bkgk0;T ;b c0ðt 2 sÞb þ c1kxks;t;bðt 2 sÞ2b


 �
with

ka;b ¼
bBðaþ b; 12 aÞ

ðaþ b2 1ÞGðaÞGð12 aÞ
þ

abBðaþ b; 1þ b2 aÞ

ðaþ b2 1Þðb2 aÞGðaÞGð12 aÞ
:

ð9Þ

We will prove hereafter that in fact ka;b # k=ðb2 1=2Þ; where k is a universal constant

independent of H. For the moment, we write

jxt 2 xsj # ðt 2 sÞb0 þ ka;bkgk0;T ;b c0ðt 2 sÞb þ c1kxks;t;bðt 2 sÞ2b

 �
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and if jt 2 sj sufficiently small

kxks;t;b # ðt 2 sÞ12bb0 þ c0ka;bkgk0;T ;b þ c1ka;bkxks;t;bðt 2 sÞb

# ðT 12bb0 þ c0ka;bkgk0;T ;bÞ 12 c1ka;bkgk0;T ;bðt 2 sÞb

 �21

: ð10Þ

It follows that

jxtj # jxsj þ kxks;t;bðt 2 sÞb

# jxsj þ T 12bb0 þ c0ka;bkgk0;T ;b
� ��

12 c1ka;bkgk0;T ;bðt 2 sÞb

 �21

	
ðt 2 sÞb:

Let B ¼ T 12bb0 þ c0ka;bkgk0;T ;b and A ¼ c1ka;bkgk0;T ;b. We divide the interval of length

D ¼ ðð12 bÞ=AÞ1=b and we apply recursively the above inequality. Consequently, we

have

kxk0;T ;1 # jx0j þ TBð12 ADbÞ21Db21 # jx0j þ TB
A ð12bÞ=b

bð12 bÞð12bÞ=b

and since for 1=2 , b , 1, bð12 bÞðb21Þ=b # 2e1=e # 3 we can write that

kxk0;T ;1 # jx0j þ 3Tð1þ TÞb0 c1ka;bkgk0;T ;b
� �ð12bÞ=b

þ3Tc0 c1ka;bkgk0;T ;b
� �1=b

:

But for 1=2 , b , 1 and x . 0, x1=b þ x 1=b21 # 2ð1þ x 1=bÞ and we get

kxk0;T ;1 # jx0j þ 6Tð1þ TÞðb0 _ c0Þ 1þ c1ka;bkgk0;T ;b
� �1=bh i

: ð11Þ

Now we estimate ka;b defined in (9). We rewrite ka;b as

ka;b ¼
bGðaþ bÞ

ðaþ b2 1ÞGðaÞ

1

Gð1þ bÞ
þ

aGð1þ b2 aÞ

ðb2 aÞGð12 aÞGð1þ 2bÞ

� 	
:

We remark that

1=2 # aþ b # 3=2; 3=2 # 1þ b # 2; 1 # 1þ b2 a # 2;

1=2 # 12 a # 1 and 1 # 1þ 2b # 3:

So if we denote G0 ¼ supx[½1=2;3�GðxÞ and g0 ¼ infx[½1=2;3�GðxÞ, using b # 1 implies

ka;b #
G0

ðaþ b2 1ÞGðaÞ

1

g0
þ

1=2G0

ðb2 aÞg20

� 	
:

It remains to treat the singularity when a is close to 0 (or equivalently b close to 1). First if

aþ b2 1 . a, then

1

ðaþ b2 1ÞGðaÞ
#

1

aGðaÞ
! 1 as a # 0:

In the second case when aþ b2 1 , a, we use the fact that the function x 7! GðxÞ is

decreasing for small values of 0 , x # 1

1

ðaþ b2 1ÞGðaÞ
#

1

ðaþ b2 1ÞGðaþ b2 1Þ
! 1 as a # 0:
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Consequently, there exists a universal constant k such that ka;b # k=ðb2 aÞ. Moreover,

a , 1=2 implies that 1=ðb2 aÞ , 1=ðb2 1=2Þ so we have

ka;b #
k

b2 1=2
: ð12Þ

Since x 7! x1=b is an increasing function, we deduce that

k

b2 a

� 	1=b

#
k2

ðb2 1=2Þ1=b
:

We report the above estimation into (11) and we get the existence of a constant that

depends only on T such that (7) is satisfied.

Now we show that

kxk0;T ;b # kðTÞðb0 _ c0Þc
1=b
1 1þ

kgk0;T ;b

b2 1=2

� 	1þ1=b
" #

: ð13Þ

Set D ¼ ð2AÞ21=b. On one hand, if jt 2 sj # D, we use (10). On the other hand, when

jt 2 sj . D, we write

jxt 2 xsj

jt 2 sj
b
#

jxt 2 xt2Dj þ · · ·þ jxsþD 2 xsj

jt 2 sj
b

#
jxt 2 xt2Dj

Db
þ · · ·þ

jxsþD 2 xsj

Db

#
jt 2 sj

D
Bð12 ADbÞ21 # 2TBð2AÞ1=b # 8TBA1=b:

We finally obtain that

kxk0;T ;b # 8TðT 12bb0 þ c0ka;bkgk0;T ;bÞ c1ka;bkgk0;T ;b
� �1=b

# 16Tð1þ TÞðb0 _ c0Þc
1=b
1 1þ ðka;bkgk0;T ;bÞ

1þ1=b
� �

;

and now we use (12) to obtain (13). Steps 1 and 2 imply (6). A

The next theorem gives the estimate for a linear deterministic equation. This result will

be necessary to study the Malliavin regularity.

Theorem 4. Let g be Hölder continuous of order 1=2 , b , 1. Assume that b and s

satisfy, respectively, (H1) and (H2). Let x be the solution of (5) and for i ¼ 1; . . . ; d,

j ¼ 1; . . . ;m, 0 # s # t # T , consider s 7! Fij
t ðsÞ satisfying

Fij
t ðsÞ ¼ s ijðxsÞ þ

Xd

k¼1

ðt

s

›kb iðxuÞF
k;j
u ðsÞdu þ

Xd

k¼1

Xm

l¼1

ðt

s

›ks
ilðxuÞF

k;j
u ðsÞdgl

u; ð14Þ

and Fij
t ðsÞ ¼ 0 if s . t.

For all T, there exists a constant kðTÞ that depends only on T such that

sup
0#s#t#T

jFtðsÞj # c0 f 1
kgk0;T ;b

b2 1=2

� 	
; ð15Þ

kF�ðsÞks;T ;b # c0 f 2
kgk0;T ;b

b2 1=2

� 	
; ð16Þ
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with

f 1ðzÞ ¼ exp kðTÞððb0 _ b1Þ þ ðc0 _ c1 _ c2ÞzÞ
1=b

h i
;

f 2ðzÞ ¼ kðTÞ ðb0 _ b1Þ
1=b þ ððc0 _ c1 _ c2ÞzÞ

1=b
� �

f 1ðzÞ:

Proof. For simplicity we set d ¼ m ¼ 1. We refer to [15] for the existence and uniqueness

of a solution of equation (14). We adapt the Proof of Theorem 3.2 in [9].

First we prove (15). We fix s and let t0 $ t $ s. Instead of (8), we write

jDa
sþs

0ðxuÞFuðsÞj #
c1kF:ðsÞks;u;1

Gð12 aÞ
ðu 2 sÞ2a

þ
ac1

ðb2 aÞGð12 aÞ
kF:ðsÞks;u;bðu 2 sÞb2a

þ
ac2

ðb2 aÞGð12 aÞ
kF:ðsÞks;u;1kxks;u;bðu 2 sÞb2a;

and consequently

kF:ðsÞkt;t0;b # ðt0 2 tÞ12bb1kF:ðsÞkt;t0;1 þ c1ka;bkgk0;T ;bkF:ðsÞkt;t0;1

þ c2ka;bkgk0;T ;bkxkt;t0;bkF:ðsÞkt;t0;1ðt
0 2 tÞb

þ c1ka;bkgk0;T ;bkF:ðsÞkt;t0;bðt
0 2 tÞb:

# ½ðð1þ TÞb1 þ c1ka;bkgk0;T ;bÞkF:ðsÞkt;t0;1

þ c2ka;bkgk0;T ;bkxkt;t0;bkF:ðsÞkt;t0;1ðt
0 2 tÞb�

12 c1ka;bkgk0;T ;bðt
0 2 tÞb

� �21
:

ð17Þ

We divide the interval ½s; T� into n ¼ ðT 2 sÞ=D subintervals with D ¼ t0 2 t. We denote

A ¼ ðc1 _ c2Þka;bkgk0;T ;b;

B ¼ ð1þ TÞðb0 _ b1Þ þ ðc0 _ c1Þka;bkgk0;T ;b

and thanks to (10) we rewrite (17) as

kF:ðsÞkt;t0;b # kF:ðsÞkt;t0;1½B þ ADbBð12 ADbÞ21�ð12 ADbÞ21Db: ð18Þ

We write

kF:ðsÞkt;t0;1 12 ½1þ ADbð12 ADbÞ21�ð12 ADbÞ21BDb

 �

# jFtðsÞj

and then

sup
s#r#t0

jFrðsÞj # C sup
s#r#t

jFrðsÞj; where

C ¼ 12 ð1þ ADbð12 ADbÞ21Þð12 ADbÞ21BDb

 �21

:

Let n ¼ ðT 2 sÞ=D. If we denote ZnðsÞ ¼ sups#r#sþnDjFrðsÞj, we have

ZnðsÞ # CZn21ðsÞ # · · · # C nZ0ðsÞ ¼ C njs ðxsÞj # C nc0:

Consequently,

sup
s#t#T

jFtðsÞj # c0½12 ð1þ ADbð12 ADbÞ21Þð12 ADbÞ21BDb�2ðT2sÞ=D:
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If we choose D ¼ ð3ðA _ BÞÞ21=b, then it satisfies ADb # 1=3 and BDb # 1=3. Hence,

sup
s#t#T

jFtðsÞj # c04
ðT2sÞ=D

# c0exp 4T ð1þ TÞðb0 _ b1Þ þ ka;bðc0 _ c1 _ c2Þkgk0;T ;b

 �1=b� �

;

and using estimations (12) of ka;b we deduce (15).

We prove (16). On one hand, if jt0 2 tj $ D we write

jFtðsÞ2Ft0 ðsÞj

jt0 2 tj
b

#
jFtðsÞ2Ft2DðsÞj þ · · ·þ jFt0þDðsÞ2Ft0 ðsÞj

jt0 2 tj
b

#
jFtðsÞ2Ft2DðsÞj

Db
þ · · ·þ

jFt0þDðsÞ2Ft0 ðsÞj

Db
:

Then, we use (18) with D ¼ ð2ðA _ BÞÞ21=b and we obtain

kF:ðsÞkt;t0;b #
jt0 2 tj

D
kF:ðsÞkt;t0;1½1þ ADbð12 ADbÞ21�ð12 ADbÞ21BDb

# kðTÞðA _ BÞ1=bkF:ðsÞkt;t0;1:

On the other hand, when jt0 2 tj # D, we use directly (18). In both cases, taking into

account (15) yields (16). A

4. Proof of Theorem 1

The results of the stochastic differential equation (2) are obtained almost surely using

equation (5) when we replace g in (5) by the trajectories of the fBm. More precisely in [14]

(Theorem 2.1), the authors proved that the stochastic process X exists almost surely and

t 7! XtðvÞ [ C 12að0; T;RdÞ with 1=2 . a . 12 H and 1=2 , H , 1. Theorem 3 will

be useful in this context as soon as we have some estimation of the exponential moments

of the Hölder norm of fBm’s trajectories. This is the scope of the following classical

Lemma (a self-contained proof is proposed in the Appendix).

Lemma 5. Let 1=2 , H0 # H , 1, H0 2 1=2 . 1 . 0 and p $ 1=1, then

jBH;i
t 2 BH;i

s j # jH;1jt 2 sj
H21

; i ¼ 1; . . . ;m; ð19Þ

where jH;1 is a positive random variable such that

E j
2p
H;1

� �
# ð16

ffiffiffi
2

p
TÞ2p ð2pÞ!

p!
: ð20Þ

Let k , 2. For any constant c, there exists a constant Ck;T such that

sup
H0#H,1

E exp ckBHk
k
H21

� �
 �
# Ck;T : ð21Þ

Now we introduce the following notations.
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We denote by Bn the polygonal approximation of the fBm BH and W n the polygonal

approximation of the Wiener process W. These approximations are defined by

Bn
t ¼

Xn21

k¼0

BH
tk
þ

n

T
ðt 2 tkÞ BH

tkþ1 2 BH
tk

� �� �
1ðtk ;tkþ1�ðtÞ;

Wn
t ¼

Xn21

k¼0

Wtk
þ

n

T
ðt 2 tkÞðWtkþ1 2 Wtk

Þ
� �

1ðtk ;tkþ1�ðtÞ;

where {0 ¼ t0 , t1 , · · · , tn ¼ T} is a uniform partition of the interval ½0; T� (that is

tk ¼ kT=n for k ¼ 0; . . . ; n). As usual we will approximate the solution of SDEs thanks to

these polygonal approximations when one replaces the driving processes in the stochastic

integrals by its polygonal approximation. So we consider the following equations for

0 # t # T , i ¼ 1; . . . ; d and n $ 1:

Xn;i
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jðXn
s ÞdBn;j

s þ

ðt

0

biðXn
s Þds; ð22Þ

�X
n;i
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jð �X
n
s ÞdWn;j

s þ

ðt

0

bið �X
n
s Þds: ð23Þ

It is well known in the Brownian case (see [10]) that

lim
n!1

E sup
0#t#T

�X
n
t 2

�Xt

�� ��2� 	
¼ 0; ð24Þ

where we recall that the process �X is the unique solution of

�X
i
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jð �XsÞdWj
s þ

ðt

0

~bið �XsÞds with

~biðxÞ ¼ biðxÞ þ
1

2

Xd

j¼1

Xm

k¼1

›

›x j
s i;kðxÞ

� 	
s j;kðxÞ: ð25Þ

An analogous convergence property holds true for the Wong-Zakaı̈ type approximation of

the SDE (32). Indeed, the almost-sure convergence is proved in [6]. Using (27) (in the

following lemma), we will deduce by a dominated convergence argument that

lim
n!1

E

ðT

0

Xt 2 Xn
t

�� ��2dt ¼ 0: ð26Þ

Lemma 6. If ðXn
t Þ0#t#T is the solution of the random ordinary differential equation (22),

then

sup
n$1

E sup
0#t#T

jXn
t j
2

� 	
# c: ð27Þ

Proof. Let 1=2 , b , H.

We prove that there exists a random variable jH;b such that

sup
H[ð1=2;1Þ

EjjH;bj
p
, 1 and sup

n$1

kBnk0;T ;b # T H=2jH;b: ð28Þ
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We set 0 , s , t , T and we assume that tl , s # tlþ1 and tk , t # tkþ1. On one hand, if

jt 2 sj $ T=n, then using (19) with 1 ¼ ðH 2 bÞ=2 we have

jBn
t 2 Bn

s j # jBtk
2 Btl

j þ
n

T

� �
ðt 2 tkÞðBtkþ1

2 Btk
Þ

��� ���
þ

n

T

� �
ðt 2 tlÞðBtlþ1

2 Btl
Þ

��� ���
# jBtk

2 Btlþ1
j þ jBtlþ1

2 Btl
j þ 2jH;1

T

n

� 	H21

# jH;1jt 2 sj
H21

þ 3jH;1ðT=nÞH21;

and then

jBn
t 2 Bn

s j

jt 2 sj
b

# jH;1T H=2 1þ 3n2H=2
� �

# 4jH;1T
H=2: ð29Þ

On the other hand, if jt 2 sj # T=n, then tk , s , t # tkþ1 or tk21 , s # tk , t # tkþ1.

In any of these two cases, we have

jBn
t 2 Bn

s j

jt 2 sj
b

# 3jH;1T
H=2: ð30Þ

Using (29) and (30) and the integrability property (20) of jH;1, we deduce (28).

Now, we apply Theorem 3 (precisely the estimation (7)) with g ¼ Bn and we obtain

sup
0#t#T

jXn
t j # CT ;c0 þ CT ;c0

c1kBnk0;T ;b

ðb2 1=2Þ

� 	1=b

: ð31Þ

A

Using (28), we deduce (27).

Now, the proof of Theorem 1 is simple.

Proof. We write

kXt 2 �XtkL2ðVÞ ¼ kXt 2 Xn
t kL2ðVÞ þ kXn

t 2
�X

n
t kL2ðVÞ þ k �X

n
t 2

�XtkL2ðVÞ;

and then we use (24) and (26) in order to find n0 $ 1 such that

kX 2 X n0kL2ð½0;T�£VÞ þ k �Xn0 2 �XkL2ð½0;T�£VÞ # 1:

Thanks to Lemma 6.7.2 in [10] and (27), we obtain the existence of a constant C . 0 that

depends on T, H0, c0, c1 and c2 such that

kX n0 2 �Xn0kL2ð½0;T�£VÞ # kX nkL2ð½0;T�£VÞ þ k �XnkL2ð½0;T�£VÞ # C:

Let R ¼ C þ 1. We define

S1=2
c0;c1;c2

¼ ð �XtÞt[½0;T� : �X is the solution of ð25Þ with jx0j # c0;




bi [ C1c0;c1 ; s ij [ C2c0;c1;c2 i ¼ 1; . . . ; d; j ¼ 1; . . . ;m

�
:
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It holds that

SH0;H1

c0;c1;c2
,

[
�X[S1=2

c0 ;c1 ;c2

Z [ L2ð½0; T� £VÞ : kZ 2 �XkL2ð½0;T�£VÞ , R
n o

and the relative compactness of SH0;H1

c0;c1;c2
in L2ð½0; T� £VÞ (Proposition 2) yields

Theorem 1. A

5. Proof of Proposition 2

To prove the relative compactness of the set SH0;H1

c0;c1;c2
, we use the relative compactness

result proved in [1] (similar result can be found in [4,19]). These results state that this set is

bounded in L2ð½0; T� £VÞ and if we have the boundedness of the Malliavin derivative (and

of their increments), then our set will be relatively compact (see [1], Theorem 2 for a

precise statement).

First, we review the properties that we easily obtain, thanks to the previous technical

results of this work. Any process X [ SH0;H1

c0;c1;c2
satisfies for i ¼ 1; . . . ; d

Xi
t ¼ xi

0 þ
Xm

j¼1

ðt

0

s i;jðXsÞdBH;j
s þ

ðt

0

biðXsÞds; t [ ½0; T�: ð32Þ

Applying Theorem 3 and Lemma 5 will give the following properties:

sup
X[SH0 ;H1

c0 ;c1 ;c2

kXkL2ð½0;T�£VÞ , 1: ð33Þ

Indeed by Theorem 3

E

ðT

0

jXtj
2
dt # CT ;c0 þ CT ;c0E

c1kBHk0;T ;b

ðb2 1=2Þ

� 	2=b
" #

;

and by Lemma 5, kBHkb has moments of all orders uniformly bounded with respect to H.

Since 1=2 , H0 # H # H1 , 1, we can choose b ¼ 1=2ðH0 þ 1=2Þ and we have

sup
H0#H#H1

E

ðT

0

jXtj
2
dt # CT ;c0 þ CT ;c0

c1cðTÞ

ð2H0 2 1Þ

� 	4

# CðT ; c0; c1;H0Þ;

and consequently (33) holds. Using the same arguments, we obtain that for any 0 , a ,

b , T and h [ R (such that jhj , minða; T 2 bÞ)

sup
X[SH0 ;H1

c0 ;c1 ;c2

ðb

a

jEXtþh 2 EXtj
2
dt ! 0 as jhj! 0 and ð34Þ

sup
X[SH0 ;H1

c0 ;c1 ;c2

ð
½0;T�nða;bÞ

jEXtj
2
dt ! 0 when a # 0 and b " T : ð35Þ

We moreover need similar bounds in the Malliavin derivative, so we briefly recall the

classical notation of Malliavin’s calculus (see [13]). First, the derivative operator DH is

defined on the set of smooth cylindrical random variables S of the form

F ¼ f BHðw1Þ; . . . ;B
HðwnÞ

� �
; ð36Þ
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where n $ 1, f [ C1
b ðR

nÞ ( f and all its partial derivatives are bounded), and wi [ H. The

derivative of a smooth cylindrical random variable F of the form (36) is the H-valued

random variable

DHF :¼
Xn

i¼1

›f

›xi

BHðw1Þ; . . . ;BHðwnÞ
� �

wi:

This operator is closable from LpðVÞ into LpðV;HÞ for any p $ 1 with respect to the norm

kFk1;p :¼ EðjFj
p
Þ þ E kDHFk

p
H

� �
 �1=p
:

There is a relation between the Malliavin calculus with respect to the fractional Brownian

motion BH and the Malliavin calculus with respect to the Brownian motion W. Denoting D

the derivative operator with respect to W (and D
1;2
W its domain) we have for any

F [ D
1;2
W :¼ D1;2,

K*
HðD

HFÞ ¼ DF: ð37Þ

Using the results of [15], the Malliavin derivative D j
s Xi

t, i ¼ 1; . . . ; d, j ¼ 1; . . . ;m of the

process X exists and satisfies almost surely the equation

DH; j
s X i

t ¼ s ijðXsÞ þ
Xd

k¼1

Xm

l¼1

ðt

s

›ks
ilðXuÞD

H; j
s Xk

udBH;l
u

þ
Xd

k¼1

ðt

s

›kb iðXuÞD
H; j
s Xk

udu;

if s # t and 0 if s . t. We remark that we can apply Theorem 4 for the trajectories of the

Malliavin derivative. Combined with Lemma 5 and inequality (3), we deduce that,

sup
X[SH0 ;H1

c0 ;c1 ;c2

ðT

0

Xtk k
2
D1;2dt , 1: ð38Þ

Indeed we have ðT

0

ðT

0

jDuXtj
2
dudt ¼

ðT

0

ðT

0

jK*
HðD

H
�XtÞðuÞj

2
dudt

# cðTÞ

ðT

0

ðT

0

jDH
u Xtj

2
u1=22Hdudt;

and thanks to (15) from Theorem 4 and (21) from Lemma 5 we obtain (38). In the same

way we have

sup
X[X[SH0 ;H1

c0 ;c1 ;c2

E

ð
½0;T�2nða;bÞ£ða0;b0Þ

jDuXtj
2
dudt ! 0 when a; a0 # 0 and b; b0 " T : ð39Þ

In order to have the relative compactness property, it remains to prove that for any

0 , a , b , T , 0 , a0 , b0 , T and h; h0 [ R (such that jhj _ jh0j , minða; a0; T 2

b; T2 b0Þ, it holds

sup
X[SH0 ;H1

c0 ;c1 ;c2

E

ðb

a

ðb0

a0
jDuþhXtþh0 2 DuXtj

2
dudt ! 0 when jhj! 0 and jh0j! 0: ð40Þ
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The proof is a little bit more technical. We write

E

ðb

a

ðb0

a0
jDuþhXtþh0 2 DuXtj

2
dudt # I1ðh

0Þ þ I2ðhÞ

with

I1ðh
0Þ ¼ E

ðb

a

ðb0

a0
jDuþhXtþh0 2 DuþhXtj

2
dudt

¼ E

ðb

a

ðb0

a0
jðK*

HDH
: Xtþh0 Þðuþ hÞ2 ðK*

HDH
: XtÞðuþ hÞj

2
dudt;

I2ðhÞ ¼ E

ðb

a

ðb0

a0
jDuþhXt 2 DuXtj

2
dudt

¼ E

ðb

a

ðb0

a0
jðK*

HDH
: XtÞðuþ hÞ2 ðK*

HDH
: XtÞðuÞj

2
dudt:

Using (3) and (16) in Theorem 4

I1ðh
0Þ # cðTÞE

ðb

a

ðb0

a0
jDH

uþhXtþh0 2 DH
uþhXtj

2
u1=22Hdudt

# CðT ; c0Þ

ðb

a

ðb0

a0
u1=22Hdudt

 !
E f 2

kBHk0;T ;b

b2 1=2

� 	� �2
jh0j

b

and the uniform convergence follows from Lemma 5. We will obtain the expected

convergence result for the term I2ðhÞ using the following inequality: for 1 ,

ðH0 2 1=2Þ ^ 1=4

I2ðhÞ #
cT h21

12ðH0 2 1=22 1Þ

ðb

a

ðb0

a0
ð1þ t 1=22H221ÞjDuþhXtj

2
dudt ð41Þ

and the claim follows from (16) and Lemma 5. The proof of (41) is easy but tedious, so it is

postponed in the Appendix.

References

[1] V. Bally and B. Saussereau, A relative compactness criterion in Wiener-Sobolev spaces and
application to semi-linear stochastic PDEs, J. Funct. Anal. 210(2) (2004), pp. 465–515.

[2] F. Baudoin and M. Hairer, A version of Hörmander’s theorem for the fractional Brownian
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Appendix

Proof of Lemma 5

Proof. Although the proof of (19) is classical, for reading convenience we include it. With

cðuÞ ¼ u2=1 and pðuÞ ¼ uH in Lemma 1.1 of [8], the Garsia–Rodemich–Rumsey

inequality reads as follows:

jBH;i
t 2 BH;i

s j # 8

ðjt2sj

0

4D

u2

� 	1=2

HuH21du;

where the random variable D is

D ¼

ðT

0

ðT

0

jB
H;i
t 2 BH;i

s j
2=1

jt 2 sj
2H=1

dtds:

Using H 2 1 . 1=2, we have

jBH;i
t 2 BH;i

s j # 8 41=2D1=2

ðjt2sj

0

H uH2121du

# 8 41=2D1=2 H

H 2 1
jt 2 sj

H21

# 8 41=2D1=2jt 2 sj
H21

:
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We denote jH;1 ¼ 8 41=2D1=2 and for p $ 1=1 it holds

Ej
2p
H;1 # 82p4p1E

ðT

0

ðT

0

jB
H;i
t 2 BH;i

s j
2=1

jt 2 sj
2H=1

dtds

 !p1

# 82p4p1T 2p1

ðT

0

ðT

0

EjB
H;i
t 2 BH;i

s j
2p

jt 2 sj
2pH

dtds

T 2

# 82p4p1T 2p1 ð2pÞ!

2pp!
# ð16

ffiffiffi
2

p
TÞ2p ð2pÞ!

p!
:

Thus (19) and (20) are proved.

The last part of the lemma can be deduced tediously from Theorem 1.3.2 in [7] but

in order to have uniform estimate with respect to H, it seems easier to make the

following direct computations. Let 1 be such that b ¼ H 2 1. Using (19) and (20), we

have

E expðakBHk
2
bÞ

� �
# E expðaj2H;bÞ

� �

# E
X1
p¼0

apj
2p
H;b

p!

 !

#
X1
p¼0

apð16
ffiffiffi
2

p
TÞ2pð2pÞ!

ðp!Þ2
;

and the right-hand side of the above inequality is finite provided that a # 2048T 2.

Anyway in this case it holds that

sup
H0#H#1

E expðakBHk
2
bÞ

� �
# cT :

Applying Young’s inequality implies (21). A

Proof of (41)

For convenience we denote s 7! wðsÞ :¼ DsXt and we restrict ourselves to the case h . 0.

We write for a # t # b

ðK*
HwÞðt þ hÞ2 ðK*

HwÞðtÞ ¼ cHðt þ hÞ1=22H

ðT

tþh

r H21=2ðr 2 t 2 hÞH23=2wðrÞdr

2 cHt 1=22H

ðT

t

r H21=2ðr 2 tÞH23=2wðrÞdr

and then

ðK*
HwÞðt þ hÞ2 ðK*

HwÞðtÞ
�� �� # I1ðhÞ þ I2ðhÞ þ I3ðhÞ
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with

I1ðt; hÞ ¼ cH t 1=22H 2 ðt þ hÞ1=22H
� �ðT

tþh

r H21=2ðr 2 t 2 hÞH23=2jwðrÞjdr;

I2ðt; hÞ ¼ cHt 1=22H

ðtþh

t

r H21=2ðr 2 tÞH23=2jwðrÞjdr;

I3ðt; hÞ ¼ cHt 1=22H

ðT

tþh

r H21=2 ðr 2 t 2 hÞH23=2 2 ðr 2 tÞH23=2
�� ��jwðrÞjdr:

Let 1 . 0 be such that 1 , ðH 2 1=2Þ ^ 1=4. We use the inequality

s1=22H 2 ðs þ hÞ1=22H #
H 2 1=2

1

� 	
h1s1=22H21

and the Jensen inequality

ðb

a

jI1ðt; hÞj
2
dt # c2H

ðH 2 1=2Þ2

12
h21

ðb

a

t 122H221 ðT 2 t 2 hÞ2H21

ðH 2 1=2Þ2ðT

tþh

r 2H21ðr 2 t 2 hÞH23=2jwðrÞj
2
dr

� 	
dt

# cT c2H
h21

12

ðb

a

t 122H221

ðT

tþh

ðr 2 t 2 hÞH23=2jwðrÞj
2
drdt

# cT c2H
h21

12

ðT

aþh

ðr2h

a

t 122H221ðr 2 t 2 hÞH23=2dtjwðrÞj
2
dr

# cT c2H
h21

12

ðT

aþh

ðr2h

0

t 122H221ðr 2 t 2 hÞH23=2dtjwðrÞj
2
dr;

and the change of variables j ¼ t=ðr 2 hÞ implies that

ðb

a

jI1ðt; hÞj
2
dt # cT c2HBð22 2H 2 21;H 2 1=2Þ

h21

12

ðT

aþh

ðr 2 hÞ1=22H221jwðrÞj
2
dr:

Since supH[ð1=2;1Þc
2
HBð22 2H 2 21;H 2 1=2Þ , 1 and ðr 2 hÞ1=22H221 # 1þ

r 1=22H221 we have

ðb

a

jI1ðt; hÞj
2
dt # cT

h21

12

ðT

h

ðr 2 hÞ1=22H221jwðrÞj
2
dr: ðA1Þ
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Analogously, we have

ðb

a

jI2ðt; hÞj
2
dt # c2H

h2H21

ðH 2 1=2Þ2

ðb

a

t 122H

ðtþh

t

r 2H21ðr 2 tÞH23=2jwðrÞj
2
drdt

# cT c2H
h2H21

ðH 2 1=2Þ2

ðb

a

t 122H

ðtþh

t

ðr 2 tÞH23=2jwðrÞj
2
drdt

# cT c2H
h2H21

ðH 2 1=2Þ2

ðbþh

a

jwðrÞj
2

ðr

r2h

t 122Hðr 2 tÞH23=2dtdr

# cT c2H
h2H21

ðH 2 1=2Þ2

ðbþh

a

jwðrÞj
2

ðr

0

t 122Hðr 2 tÞH23=2dtdr

# cT c2H
h2H21

ðH 2 1=2Þ2
Bð22 2H;H 2 1=2Þ

ðbþh

a

jwðrÞj
2
r 1=22Hdr;

and since r 1=22H # 1þ r 1=22H221 we deduce that

ðb

a

jI2ðt; hÞj
2
dt # cT

h2H21

H 2 1=2

ðT

0

jwðrÞj
2
r 1=22Hdr: ðA2Þ

Thanks to the inequality s1=22H 2 ðs þ hÞ1=22H # ðH 2 1=2Þ=1
� �

h1s1=22H21

ðb

a

jI3ðt;hÞj
2
dt # cT c2H

h21

12

ðb

a

t 122H

ðT

tþh

ðr2 t2 hÞH23=221jwðrÞjdr

� 	2

dt

# cT c2H
h21

12

ðT 2 t2 hÞH21=221

H 2 1=22 1

ðb

a

t 122H

ðT

tþh

ðr2 t2 hÞH23=221jwðrÞj
2
dr

� 	
dt

#
cT c2Hh21

12ðH 2 1=22 1Þ

ðT

aþh

jwðrÞj
2

ðr2h

a

t 122Hðr2 t2 hÞH23=221dt

� 	
dr

#
cT c2Hh21Bð22 2H;H 2 1=22 1Þ

12ðH 2 1=22 1Þ

ðT

aþh

jwðrÞj
2
ðr 2 hÞ1=22H21dr:

From xGðxÞ! 1 as x ! 0 and ðr 2 hÞ1=22H21 # 1þ r 1=22H21 # 2þ r 1=22H221; we

deduce

ðb

a

jI3ðt; hÞj
2
dt # cT

h21

12

1

ðH 2 1=22 1Þ2

ðT

h

jwðrÞj
2
ðr 2 hÞ1=22H21dr: ðA3Þ

The estimations (A1), (A2) and (A3) imply (41).
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