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Abstract

We prove the Malliavin regularity of the solution of a stochastic differential equation driven by a
fractional Brownian motion of Hurst parameter H > 0.5. The result is based on the Fréchet differentiability
with respect to the input function for deterministic differential equations driven by Holder continuous
functions. It is also shown that the law of the solution has a density with respect to the Lebesgue measure,
under a suitable nondegeneracy condition.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Let B = {B;,t > 0} be an m-dimensional fractional Brownian motion (fBm for short) of
Hurst parameter H € (0, 1). That is, B is a centered Gaussian process with the covariance

function E(BB]) = Ry (s, 1)8;j, where

|
Rig(s.1) =3 (r”’ 452 —s|2H). (1)

If H = %, B is a Brownian motion. From (1), it follows that [E (IB; — lez) = m|t — 5| so
the process B has «-Holder continuous paths for all « € (0, H). We refer the reader to [13] and
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references therein for further information about fBm and stochastic integration with respect to
this process.
In this article we fix % < H < 1 and we consider the solution {X;, ¢ € [0, T']} of the following

stochastic differential equation on R¢:

m t ) r
X! =x}+ Z/ o'/ (X,)dB] + / b (X)ds, tel0,T], )
=170 0
i=1,...,d, where xo € R is the initial value of the process X.

The stochastic integral in (2) is a pathwise Riemann-Stieltjes integral (see Young [16]).
Suppose that o has bounded partial derivatives which are Holder continuous of order A > % -1,
and b is Lipschitz; then there is a unique solution to Eq. (2) which has Holder continuous
trajectories of order H — ¢, for any ¢ > 0. This result has been proved by Lyons in [8] in
the case b = 0, using the p-variation norm. The theory of rough paths analysis introduced by
Lyons in [9] was used by Coutin and Qian to prove an existence and uniqueness result for Eq.
(2) in the case H € (3, ) (see [4]).

The Riemann—Stieltjes integral appearing in Eq. (2) can be expressed as a Lebesgue integral
using a fractional integration by parts formula (see Zihle [17]). Using this formula for the
Riemann-Stieltjes integral, Nualart and Rédscanu have established in [14] the existence of a
unique solution for a class of general differential equations that includes (2).

The main purpose of our work is to study the regularity of the solution to Eq. (2) in the sense of
Malliavin calculus, and to show the absolute continuity for the law of X; for > 0, assuming an
ellipticity condition on the coefficient o. First we establish a general result on the regularity with
respect to the driven function for the solution of deterministic equations, using the techniques of
fractional calculus developed in [14]. This allows us to deduce the differentiability of the solution
to Eq. (2) in the direction of the Cameron—Martin space. These results are related to those proved
by Lyons and Dong Li in [10] on the smoothness of 1t6 maps for such equations in terms of
Fréchet—Gateaux differentiability.

The regularity results obtained here have been used in a recent paper by Baudoin and
Hairer [1] to show the smoothness of the density under a hypoellipticity Hormander condition.
This result requires also the existence of moments for the iterated derivatives, which has been
established in [6]. In [11], the existence of a density for the solution of a one-dimensional
equation is shown. See also [2,3] for other recent results.

The paper is organized as follows. In Section 2 we establish the Fréchet differentiability with
respect to the input function for deterministic differential equations driven by Holder continuous
functions. Section 3 is devoted to analyzing stochastic differential equations driven by a fBm
with Hurst parameter H € (%, 1), the main result being the differentiability of the solution in
the directions of the Cameron—Martin space. In Section 4 we prove the absolute continuity of
the solution under ellipticity assumptions. The proofs of some technical results are given in the
Appendix.

2. Deterministic differential equations driven by rough functions

We first introduce some preliminaries. Given a measurable function f : [0, T] — R4 and
o € (0, %), we will make use of the notation

“1f® - SO

|t _sloz—i-l

A%(f) = £ ) +/

0
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We denote by Wi (0, T'; R?) the space of measurable functions f : [0, T] — R4 such that

| flle1 = sup A¥(f) < oo.
tel0,T]

For any 0 < A < 1, denote by C)‘(O, T; Rd) the space of A-Holder continuous functions
f :[0,T] — R%, equipped with the norm

|f @) = f(s)l

0<s<t<T (& — s)*

A lx =11 flloo +

9

where || flloo = sup;cpo.ry|f(#)|. We denote by Wzl_“ (0, T; R™) the space of measurable
functions g : [0, T] — R™ such that

g(t) — g(s)] "1g(y) — g(s)l

— + ————dy ) < o0.
(t_s)l_a s (y_s)Z—a

Clearly for any ¢ > O such that 1 — o + ¢ < 1 we have

C*E(0, T; RY) € W¥(0, T; RY)

lglli—a,2 == sup (

0<s<t<T

and
Cl7*te0, T; R™) C W, (0, T; R™) C C'7%(0, T; R™).

Ford = m = 1 we simply write W*(0, T), C*(0, T), and Wzl_“(O, T).
Suppose that g € W21 %0, T)and f € W (0, T). In [17], Zihle introduced the generalized
Stieltjes integral

T T
| e = -0 [ (08, 1) 0 (DY er-) 3)
0 0

defined in terms of the fractional derivative operators

o _ 1 fx) @) = ()
Doy 100) = I'(l—a) ( o O 0o (x—yetl dy)’
and
o _(=D* (gx) —g(T) T gx) —g(y)
Pr-81-09 = T ( (T =) +“/x Wdy)'

We refer the reader to [15] for further details on fractional operators. Zihle proved that if
f € C**(0, T), then this integral coincides with the Riemann—Stieltjes integral, which exists
by the results of Young (see [16]). Using formula (3), Nualart and Rascanu have derived the
following estimates (see [14], Propositions 4.1 and 4.3).

Proposition 1. Fix 0 < o < % Given two functions g € Wzl_“ (0,T) and f € W{(0,T), we
define Gi(f) = [y fedgs and Fi(f) = [y fyds.
(1) The function G(f) belongs to C I=(0, T) and we have
ANG(f) < carliglizan fi [t =172 +17%] A%(f)dr, 4)
G —a = carllglhi—a2 I fllg, )

with a constant cy, T which depends only on o and T.
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(11) The function F(f) belongs to C L0, T) and moreover
AY(F(f)) < car [y 7llads, 6)
IF(HOIh =< cerll flloos (7)

with a constant c,, T which depends only on o and T

We first study deterministic differential equations driven by Holder continuous functions
of order strictly larger that % Fix 0 < o < % Let g € Wzl_a (0, T; R™) and consider the

deterministic differential equation on R?
. . t . m [ .. .
X, = X —I—f b' (x5)ds + Z/ o' (xs)dgd , tel0,T], (8)
0 i—170
j=1

i=1,...,d,where xg € R4,

For any integer k > 1 we denote by C Ig the class of real-valued functions on R¢ which
are k times continuously differentiable with bounded partial derivatives up to the kth order. We
also denote by C;° the class of infinitely differentiable functions on R? with bounded partial
derivatives of all orders.

In [14], the authors prove that Eq. (8) has a unique solution x € W{ (0, T; R4 which is
moreover (1 —a)-Holder continuous, if b', 0/ € C/ and the partial derivatives of o'/ are Holder
continuous of order A > % — 1.

In this section we will show the differentiability of the mapping g — x(g). For a function ¢

from R? to R, we set 9y = 837").

The first step is to establish the existence and uniqueness of a solution for linear equations
that are generalizations of (8). The iterated derivatives of the solution of Eq. (8) satisfy such
equations.

Proposition 2. Fix g € Wzl_“ (0, T; R™) and consider the following linear equation:

t t
Vi = wy +f Bsysds+f Ssysdgs, )
0 0

wherew € C'7%(0, T; RY), S € C'7%(0, T; R4*4*™y and B € C'=%(0, T; R*4). There exists
a unique solution y € C'=%(0, T; R?) of Eq. (9) which satisfies

1

IYlle,1 < €1 llwlle,1 exp (Cz gl %, (I1Blloo + ”S”l—a)) ; (10)

where c1 and ¢y depend only on o and T .

Proof. The existence and uniqueness of a solution can be established following the same lines
as in the proof of Theorem 5.1 of [14]. Let us prove the estimate (10). Set FIB = fot B;ysds and

G> = fot Ssysdgs. Using (4) we have

t
A6 = car gz [ [0=97 +57]Azsy)as

t S |S _a(s — l—a
< cur gl a2 (/O [ )72 4 57] Iys|</0 Pl dr)ds

A
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! 2
L R L e P (y)ds)
0

t
< ur lehiaz ISh—s [ [0=97 +57] a2as,

where the constant ¢, 7 may vary from line to line but depends only on « and 7'. On the other
hand, using (6) we get

t

o B | ys|
AP < cur Bl [ s

Then the above inequalities yield that

t
2%(y) < [Wlla.oo + Ca.r (Aa(g) I1S]1—a + ||B||oo)/0 [(t—s)—z"‘ +s—“]hsds.

Applying a Gronwall-type lemma (see Lemma 7.6 in [14]) we derive the estimate (10). 1

The following technical lemma is a basic ingredient in the proof of the Fréchet differentiability
of the mapping x — x(g), where x is the solution of Eq. (8).

Lemma 3. Let x be the solution of (8). Then the mapping
F W, %0, T; R™) x W&(0, T; RY) — W{ (0, T; RY)
defined by

(h,x) > F(h,x) :=x —xo — /.b(xs)ds — /.G(xs)d(gs + hy) (11)
0 0

is Fréchet differentiable and we have for any (h,x) € Wzl_“(O, T;R™) x Wf‘((), T; ]Rd),
ke W, (0, T;R"™), ve WO, T;RY), andi = 1,....,d,

D\ F(h, x)(k)! = —ifotaff(xs)dk{, (12)
j:ld t d m_ rt . .
DyF (h, x)(v)} = v —]; /0 Ob(x)vids —;; /O o'l (xp)vkd(gl +hl).  (13)
Proof. For (i, x) and (2, ) in W, (0, T; R"™) x W¥(0, T; R?) we have
F(h,x), — F(h,%); = x; — % + /Ot (b(xs) — b(iy)) ds
—fot (0(x5) — 0 () (g + hy) — /0 o Gy s — ).

Using Proposition 1 one easily deduces that

HF(h,x) — F(h, %)

= (14 car19bllo) 1% = Flaoc

‘a,

+car 8+ hlli—g2 l0(x) =0 (D)llaoo

teurllo@lace |h—h| .
1—,2
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Since o is a Lipschitz function we have |0 (x)||¢.1 < |0(0)| + |00 ||oc|lX [la, 1. Using the fact that
for any x1, x2, x3 and x4,

0 (x1) — 0 (x2) — 0 (x3) + 0 (x4)| < [0 oo |¥1 — X2 — X3 + X4]
+118%0 lloolx1 — x3] (Ix1 — x2| + |x3 — x4]),

it follows that
lo(x) =0 (X)le,1 < <||80||oo + 118%0 lloo (Ixlla,1 + |If||a,1)> [x — Xle,1-

Consequently, there exists a constant C depending on «, T and the coefficients b and o such that
[Fo0 = Fh9)| = (14C (Ixllan + 1f1a1) g +Alh-a2) 1% = Flai

+C(1+ ||xlle.1) Ih — All1—a.2,

which implies that F' is continuous.
We now prove that it is differentiable with respect to x. Thanks to Proposition 1, it holds that
D, F defined in (13) satisfies

||D2F(h, x)(v)”a,l = CHUHa,l s

and, therefore, it is continuous. Let us now check that for any / € Wzl_“ (0, T;R™), Dy F is the
Fréchet derivative (with respect to x) of (h, x) — F(h, x). We have

F(h,x +v); — F(h,x); — DyF(h, x)(v);

t
_ / (b(xs) — b(xs + v) + Db(x;)vy) ds
0

+ / (0 (x5) — o (x5 + vg) + o (x5)vy) d(gs + hs). (14)
0

By the mean value theorem we can write
1b(xs) = b(xs + vy) + 3b(x;)vs| < 117D lloc|vs |

and thanks to (7) one easily remarks that

/ (b(xs) — b(xs + v5) + b(xs)vs) ds| < ca,7118%blloo IV]1Z -
0

1
Similar computations for the second term of the right hand side of (14) yield

/ (0(xy) — 05y + 5) + D0 (x5)vy) dgs + hry)
0

a,l
2 3 2
< o7 (1020 oo + 9% oo a1 ) g + ll a2 V12,
Thus it follows that
IF(h, x +v) — F(h,x) = D2F (h, x)()llg.1 < C llg +hllj_g2 IVIZ ;.

where C depends on «, T, [|32b]lco> 1020 lloos 1830 |loo and ||x|lq.1. Then (h, x) — F(h, x)
is Fréchet differentiable with respect to x and (13) holds. Similar arguments give the
differentiability with respect to 4 and Formula (12). B
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Proposition 4. Let x be the solution of Eq. (8). Assume b',c" € Cg. The mapping g —
x(g) from Wzl_“(O, T;R™) into Wi (0, T} ]Rd) is Fréchet differentiable and for any h €
W21 ~*(0, T; R™) its derivative in the direction h is given by

m ro.. .
Dyx{ =) f @ (s)dhi, (15)
j=170
wherefori =1,...,d, j=1,.... m0<s<t<T,s+— @;j(s)satisﬁes
. g d.pt . d
& (s) = oY (x) + ) / B’ (x) By (5)du + ZZ f oo (x) By (s)dgl, . (16)
k=1YS k=1 I=1

and@ij(s)zoifs>t.

Proof. We apply the implicit function theorem to the functional F' defined by (11) in Lemma 3.
For any (h, x), F(h,x) belongs to C 1=, 7: R?) thanks to Proposition 1. Since x is a
solution of (8), one remarks that F (0, x) = 0. Thanks to Lemma 3, the mapping F is Fréchet
differentiable with first partial derivatives with respect to 4 given by (12) and the first partial
derivative with respect to x is given by (13). We have to check that D, F (0, x) is a linear
homeomorphism from W (0, T’ RY) to C1=(0, T; R?). By the open map theorem it suffices
to show that it is bijective and continuous. We apply Proposition 2 with t — B; = 0b(x;) and
t — S; = do(x;) which are (1 — «)-Holder continuous. Thus

D, F (0, x)(v)t = v, Z/ akb’(xs)vkds — ZZ/ ako”(xs)vkdgs

=1 j=1

is a one-to-one mapping thanks to the existence and uniqueness result for Eq. (8).

Now we fix w € C! O, T; Rd). Thanks to Proposition 2, there exists v € Wf‘ O, T; ]Rd)
such that w = D, F (0, x)(v); hence D, F (0, x) is onto and then it is a bijection. We already
know that it is continuous. By the implicit function theorem g +— x(g) is continuously Fréchet
differentiable and

Dx = —DyF(0,x)"! o DI F(0, x). (17)
So for any k € W21 %0, T; R™), —Dx (k) is the unique solution of the differential equation
= —Dx(k)| + Z f b (xs) Dx (k)*ds + ZZ / o'l (xs) Dx (k)*dg!
=1 j=1
with wi = Dy F(0,x)(k); = — Y, [y o (x;)dk] .
On the other hand, from Eq. (16) we get

m t . m r . m t [ d t . .
> / o (s)dhi = / o (xg)dh{ + ) / (Z f b’ (xu)diblf’](s)du) ds
j=170 j=1"9 =170 \k=1 Vs
4 . .
+Z/ (ZZ/ 3k0il(xu)¢§’](S)dgf,) dhy. (18)
J=1 k=11=1"%
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Using Fubini’s theorem we can invert the order of integration in the second integral of the right
hand side of (18). The treatment of the third integral is more involved. Thanks to Proposition 9 in

the Appendix, akail(xu) @]j’j (s) is Holder continuous of order 1 — « in both variables (u, s).
As a consequence, we can apply Fubini’s theorem for the Riemann—Stieltjes integrals and
we obtain

m t ) m r ) d t _ m u )
> f o (s)dhy = ) f o (xs)dhy + ) / Oeb' (xu) (Z f @Z,“(s)ds) du
j=170 j=170 k=170 =170
d m t m u . )
+y 3 / o' (xu) (Z / @5’](S)dh§> dgl,.
k 0 =170

=1 [l=1

Hence ¢t +— Z?:l fot {P;j (s)dhf is a solution of Eq. (16) and by uniqueness we get the
result. W

If the coefficients b and o are infinitely differentiable, the mapping ¢ — x(g) is actually
infinitely Fréchet differentiable. The proof of this result uses essentially the same arguments as
in the case of first-order derivatives, but the notation is more involved. We state here the result
and present the proof in the Appendix.

Proposition 5. Assume b', o'/ € C,°. Then the solution x to Eq. (8) is infinitely continuously
Fréchet differentiable. Moreover, for any (hy, ..., h,) € (Wll_a (0, T; R™)*, it holds that

m t ro . . . .
Diyoh®t = ) /0/0 G ey, r)dRY (r)ARE () L. dRi (ry), (19)

where the functions @, (ry, ..., ry) fort > ry V -V r, are defined recursively by
1,i1,..in . i ‘ . ‘
¢t (r19‘--’rl’l)_ ZAi07i1 _____ io—l,i0+1 _____ in(rl()’rl’-"’rlo—l’rl()—i-l"--’rl’l)
io=1
t
l
* / Bl1 ..... j (r1, ,Tn; s)ds
FIV-Vry,
m_ ot
i . l
w3 [ Al s 20)
=1 riVv---Vry

and0if t <ri V---Vr, Wehave defined

d
Alj,l.] .... l-n(}"l,...,rn;s) = Z Z akl...akvo'l](xS)

LU-UL, kp,.... k=1
x o). o T (1)),
d
Bl i 0temis) = )Y Ok b (%)

""" I]UUIV kl,...,kuzl
x SR (1y)) L BT (1)),

where the first sums are extended to the set of all partitions [ U ---U I, of {1,...,n}.
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3. Stochastic differential equations driven by a fractional Brownian motion

Let 2 = Co([0, T']; R™) be the Banach space of continuous functions, null at time 0, equipped
with the supremum norm. Fix H € ( %, 1). Let [P be the unique probability measure on {2 such
that the canonical process {B;, t € [0, T']} is an m-dimensional fractional Brownian motion with
Hurst parameter H.

We denote by £ the set of step functions on [0, 7] with values in R™. Let H be the Hilbert
space defined as the closure of £ with respect to the scalar product

m
(107 -5 110.401) > (L0us11s - > L0s1) Jpy = Z Ry (ti, si)-
i=1
We recall that
tAS
Ru(t,s) 2/ Ku(t,r)Kp(s, rydr,
0

where Ky (¢, s) is the square integrable kernel defined by

t
1 3 1
Ky(t,s) = cHs2_H/ (u — s)H_?uH_fdu
N

fort > s, where cy = % and B denotes the Beta function. We put Ky (¢, s) = 0 if
—2 A=
t <s. ‘
The mapping (Lj0,,1 - - - Lj0,501) > Doiy B, can be extended to an isometry between H

and the Gaussian space Hj(B) spanned by B. We denote this isometry by ¢ — B(¢).
We introduce the operator Ky, : £ — L?(0, T; R™) defined by

Ky (Lot - Lo,41) = (Ka (1, ), s K (tm, ) -

Forany ¢, ¥ € &, (9, V)1 = (Kjo, Kg¥) 120.7:rm) = E (B(@) B(¥)) and then K, provides
an isometry between the Hilbert space H and a closed subspace of L?(0, T; R™).
We denote as Ky : L2(O, T:R" > Hyg =Ky (LZ(O, T: Rm)) the operator defined by

t

(Kuh)(t) = / Kpu(t,s)h(s)ds .
0
The space Hy is the fractional version of the Cameron—Martin space. In the case of a classical
Brownian motion, K g (t, s) = 1j0,¢)(s), K7}, is the identity map on L?(0, T; R™), and Hy is the

space of absolutely continuous functions, vanishing at zero, with a square integrable derivative.
We finally denote by Ry = Ky o K3, : H — Hp the operator

Rue = /0 Ku(-,s) (K5e) (s)ds.
We remark that for any ¢ € ‘H, Ry¢ is Holder continuous of order H. Indeed,
T , , o
(Rue)' (t) = fo (Ki110,01)" () (K3)' (s)ds = E (B;Bl(¢)> ,
and consequently

. . . . 1/2
Rue) ) = Rue)' )| = (E(18] = BI)) " lollae < lgllae It = s1™.
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On the other hand, for any ¢ € 'H, Ry ¢ is absolutely continuous and

t u aK
Ru)(t) = / ( / TG, 5) (o) (s)ds) du. @)
0 0 u

_1
This equation follows from Fubini’s theorem and the fact that ag(—uh’(u, s) = cy (%)H 2 (u —

s)H _%. Notice also that Ry1j0,;) = Ru(?, ), and, as a consequence, Hpy is the reproducing
kernel Hilbert space associated with the Gaussian process B.
The injection Ry : H — {2 embeds H densely into {2 and for any ¢ € 2* C H we have

. 1
E (e59)) = exp (—5 ||¢||%) -

As a consequence, ({2, H, IP) is an abstract Wiener space in the sense of Gross. Notice that the
choices of the Hilbert space and its embedding into {2 are not unique and in [5] the authors have
made another (but equivalent) choice for the underlying Hilbert space.

Let {X;,t € [0, T]} be the solution of the stochastic differential equation (2), and assume
that the coefficients are infinitely differentiable, bounded together with all their derivatives.
We fix 1 — H < a < % The trajectories of the fractional Brownian motion belong
almost surely to Cl_o‘+8((), T;R™) C W21_°‘(0, T;R™) if ¢ < H + o — 1. Therefore, by
Proposition 5, the mapping @ — X () is infinitely Fréchet differentiable from W21 40, T; R™)
into W (0, T; RY).

On the other hand, we have seen that Hy < CH(0,T:R™) C Wzl_“(O, T;R™). As a
consequence, the following iterated derivative exists:

: d d .
DRyor... Ry Xi = & den X, (w+eiRue1 + -+ aREP) ey = =s,=0,
n

for all ¢; € ‘H. In this way we have proved the following result.
Theorem 6. Let H > 1/2 and assume that b', o'/ € Cg. Then the stochastic process X solution
of the stochastic differential equation (2) is almost surely differentiable in the directions of the

Cameron—Martin space. If b*, o'/ € C 5°, then X is almost surely infinitely differentiable in the
directions of the Cameron—Martin space.

.....

D" is the iterated derivative in the Malliavin calculus sense. In fact, if F' is a smooth cylindrical
random variable of the form

F = f(B(g1), ..., Blpn))

with f € C;°(R™), ¢; € H, then the Malliavin derivative D F' is the H-valued random variable
defined by

(DF,h)p = Y 8 f(B(@1), ..., B(gm)){gi, )1
i=1

d
= 5o/ Bl +elor iip, oo Blom) + &(@m. h)w) le=0,

and one can easily see that

B(p1)(w + eRuh) = B(g1) (@) + &(p1, h)n.
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We recall here that D%-? is the closure of the space of smooth and cylindrical random variables
with respect to the norm

k P
IF e, = [E(IFI”) + ZE(IID’FIIH@)} ,

=1

and ]D)ﬁ;f is the set of random variables F such that there exist a sequence {({2,, Fy,), n > 1} such
that £2, 1 2 as., F, e D&? and F = F, a.s. on {2,.

By the results of Kusuoka (see [7], Theorem 5.2 or [12], Proposition 4.1.3), Theorem 6 implies
that X7 I belongs to the space ]D>10C for all p > 1 and any integer k.

Now we give the equations satisfied by the derivatives of the process X.

Proposition 7. If we define (i1, ...,i,) € {1, ..., m}", a multi-index, the n-th derivative in the
sense of Malliavin calculus satisfies the following linear equation a.s.:

[1yeens i i | |
Drl ..... "X Zaloll Sig—1,ip+1,...,i (rzo,rl,...,rlo_l,rlo_|_],...,rn)
ip=1
t .
l .
+/ Bii i, 1y s s)ds
riV--Vry
m t
i : !
=D 3 I PTG @)
[=1 YTV Vi

ift>r1V---Vry, and Dﬁ} """ lr’,’l X j = 0 otherwise. In the above equation, we have defined

.....

d
. N ; .
Qg Ly e Tl ) = 2 : 2 : U, - - - Ok, 0 (Xs) D;EII§Xk1 D;EIV%Xk

LU---Ul, ky,....k,=1

. i 1 IU )
Bl i)=Y Z -0, bT(Xg) DY XK DI Xk
LU---Ul, ky,..., ky=1
where the first sums are extended to the set of all partitions I U --- U I, of {1, ..., n} and for
any subset K = {iy, ..., iy} of {1,...,n}, we put D;EIB the derivative operator D ’;:'_’_fﬁl.n.
For the first-order derivative, Eq. (22) reads as follows: fori =1,...,d, j =1, ..., m,

. . .. d t .
DX =o' (Xy) +Z/ ! (X)) DI XX du + § S :/ o'l (X,)D{ x*dB!,
k=1YS

=11=1

ifs <tandOifs > ¢.

Proof. We use the representation result on the deterministic equation given by (19) in
Proposition 5. For any h = (hy, ..., h,) with h; € 'H, we have

] ll in
DRyhy... Ry, X; = f / bty rn)
ip=1

.....

X d(Rth)”(rl) c d(Rghn)" (ra).- (23)
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We denote as Kj,®" the map from H®" into (L*(0, T’; Rm))®n defined for ¢ € H®" by

(IC*H®H(‘0) (Sl"' Sn) - / / (p(r19"-7 )

X 31’1 (1’1, 51) - 8rn (rn,sn)drl -dry,.
It holds that
0 e = 3 / (K55"0)E (51 0)
gefl,..,myn /10.T1"

X (IC*H®”¢)$ (S1,...,8,.)ds1...ds, .

Thanks to Step 3 in the proof Proposition 5, forany 1 < k < n,

Lty i
Sk > L LI (ST ey Skt Sks Sk 1 - -+ Sn)ARY (51) - - AL (s 1)
[0,2]%—

belongs to C!~(0, T') and applying Eq. (21) n times yields almost surely

S ! L i " 0Ky « 1 \il
— Z I B (ST (ri,u) (Kiph)" w)du
- _1Jo 0 0o 0r

'n K l
e x (/ aa ) (K )" (u)du) oo
0

'n
m T T

- Y - (]C*H‘X’”(p;)il """ in(sl,...,sn)ﬁ(leilhl)il(s,-)dsl...dsn
in= =1

and the result is proved. W
4. Absolute continuity of the law of the solution

The fact that for H > % the solution of Eq. (8) belongs to the localized domain of the
Malliavin derivative operator D will imply the absolute continuity of the law of X, forall 7 > 0
under suitable nondegeneracy conditions.

Theorem 8. Let H > 1/2 and assume that b',c'/ e C 2 . Suppose that the following
nondegeneracy condition on the coefficient o holds:

(H) The vector space spanned by {(alj(xo), L) (x())) 1 <j< m} is R4,

Then for any t > 0, the law of the random vector X; is absolutely continuous with respect to
the Lebesgue measure on RY,

Proof. We already know by Theorem 6 that X’ belongs to ID)IOC for all + € [0,T] and for
i = 1,...,d. Then, thanks to [12], Theorem 2.1.2 due to Bouleau and Hirsch, it suffices to
show that the Malliavin covariance matrix of X; defined by

i = (ng, DX/ >H
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is invertible almost surely. We first deduce another expression for the matrix Q. We stress the
fact that IC*H is an isometry between H and a closed subspace of LZ(O, T;R™). Let {e,,n > 1}

be a complete orthonormal system in this closed subspace. The elements f, = (IC};)_I (en)
form a complete orthonormal system of H. Then it holds almost surely that

DX; = Z(DX;., fn>7‘£ Ins
n>1
and consequently
Y =Y"(pxi. 1) (px!. 1)
t trJn trJn .
=1 H H

Suppose now that the Malliavin covariance matrix is not almost surely invertible, that is
P(det Q; = 0) > 0. Then there exists a vector v € R?, v # 0, such that v Q;,v = 0. Our
aim is to prove that condition (H) cannot be satisfied. One may write

T Qv =Y [((DXs, fudp. v)gal”-

n>1

From (15) and (23) it follows that
(DX? fn>H = DRy 1, X}

and thanks to the representation (17), the directional derivative DR, s, X ; satisfies
DR 1, X; = (DzF(O, X)~" o Dy F (0, X)) (R f)-

It follows that
0=((P2F©. X)™ 0 DIFO, X)) Rir fu)isv) -

Since D, F(0, X )_1 is a linear homeomorphism,
d

0 = (DIF (O, X)(Ra fo)i, vIga = ) (Z fo a”(xs>d<Ran)§> v’
j=1

i=1

d
= <Z v’ o' (X) 10,11, fn>
H

i=1

holds true for any n > 1 (where ¢’ denotes the ith row of the matrix o). Then

d
Z Ui O’i(X)l[o’t]

0=
i=1 H
and this yields that forall j =1,...,mand s € [0, ¢]
d . .
> viol(Xs) =0.

i=1

Taking s = 0 we get Zle vi 0 (xg) = Oforall j = 1,...,m and this contradicts (H). Then
the law of the solution of the stochastic differential equation (2) at any time ¢ > 0 is absolutely
continuous with respect to the Lebesgue measure on R?. W
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Appendix

The next proposition provides the joint continuity property of the solution of equations similar
to Eq. (16) satisfied by the kernel of the derivative.

Proposition 9. Fix y, B, S € C'=*(0, T) and g € WZ] ~%(0, T) and consider the equation

t t
pr(s) = )/(S)+/ Bupu(S)du+/ Supu(s)dgy (24)

if s <tandp;(s) =0if s > t. Then the solution is a Holder continuous function of order 1 — «
in both variables.

Proof. First notice that [|p.(s)|l,; is uniformly bounded in s, by the estimate (10). Hence, the
function p;(s) is Holder continuous in #, uniformly in s by (5) and (7). On the other hand, for
s’ < s <t we have

t t
pi(s) — pi(s) = w(s,s") + f By (pu(s) — pu(s))) du + f S (Pu(s) — pu(s))) dgu,

(25)
where
h) S
w(s,s) =y(s) —ys)+ f By py(s)du + / Supu(s)dgu. (26)
s’/ s/
Proposition 2 yields the estimate
1
sup [[0.()la,1 = c1 1Y lla,1 €XP (cz gl Ze (IBlloo + ||S||1—oz)) : (27)
s€[0,T]
Substituting (27) into (26) yields
[w(s, s < 1y l—a(s =)' + [ Blloo (Sup ”p-(s)”a,l) (s —s")
N
+cllSlla 1glhi—a.2 (Sup ||:0-(S)||a,1) (s —sH)I™
S
< (s —sH, (28)

Then Proposition 2 applied to Eq. (25) and the estimate (28) imply that

1

1p.(s) — p.(Hllet <1 (s —5)' 7% exp (cz gl Ze s C IBlloo + ”S'll—a)) :

Therefore, p;(s) is Holder continuous in the variable s, uniformly in ¢. This completes the proof
of the proposition. W
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For the proof of Proposition 5 we need the following technical lemma.

Lemma 10. Suppose that we are given a mapping g + v from Wzl %0, T;R™) to
W, T; RM) which is continuously Fréchet differentiable. Consider five bounded differentiable

functions ay, . .., aq4 from RY 1o RAxmxM RdxM pdxd RdxmxM g, Rdxmxd respectively.
We moreover assume that these functions have bounded derivatives up to order 2. Let y €
W, T; R?) be the solution of the following equation.:

t t t

o= /0 ao () vS dky + fo {ar 9vf + ar(xy far + fo {as(fvf + asx)y | dgr, (29)
where k € Wzl_“ (0, T; R™) and x8 is the unique solution of (8) which is already continuously
Fréchet differentiable.

Then g +— vy is continuously Fréchet differentiable and the directional derivative in the
direction h € WZ1 %0, T; R™) is the unique solution of

t t
Dpy; = / {0ap(x,) Dpx, vy + ao(x,) Dy, } dk, + / {az(x)vr + as(x,)y,}dh,
0 0

t
+ / {0a1(x,)Dpx,vr 4+ a1 (x,)Dpv, + daz(x,) Dpx,y, + a2(x,)Dpy,} dr
0

t
+ / {da3(x;) Dpxr vy + az(x;) Dpvy + das(x,) Dpxryr + as(x,) Dyy,} dg,.(30)
0

Proof. We introduce the map

Wy 70, T3 R™) x WO, T3 RY) — C'74(0, T; RY) € W{(0, T; RY)
t
(o) o> @) = 30— [ antef ™
0
t
_/ fan o ey ar
0

t
_/ {a3(x§+h)v§+h + a4(x§+h)yr} d(gr + hy).
0

One has F (0, y) = 0 since y is the solution of (29). As in Lemma 3 we can show that F is
Fréchet differentiable and

DiFO.y); =~ | " (900 (xr) Dx () vy + o) Do () }
— /Ot {az(xp)vy + ag(xy)y, } dhy
— /Ot {8ay (x,) Dx (h), v, + a1 (x,) Dv(h), + daz(x,)Dx(h), y,}dr
_ fot {0a3(x,)Dx(h),v, + a3(x;)Dv(h), + das(x,)Dx(h), y,}dg,

t t
DyF(0,y)(2) = 2¢ —/ as(x;)zrdg, —] az(x,)z,dr,
0 0

for any z € W{'(0, T; R?). Then, using Proposition 2 and the same arguments as in the proof
of Proposition 4 we conclude that g +— y is continuously Fréchet differentiable and it has a
directional derivative in the direction / satisfying (30). W
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Proof of Proposition 5. The proof of Proposition 5 is divided into several steps. We begin by
proving that x is infinitely Fréchet differentiable. Then we show that Eq. (20) has a unique
solution and derive some of its properties. Finally we prove that (19) holds.

Step 1. We begin by proving by induction that x is infinitely Fréchet continuously
differentiable. We introduce some notation in order to write the equations satisfied by the higher
order directional derivatives.

Letn > land fori = 1,...,n, h; = (hil, ...,h;.“) € Wzl_“(O, T; R™). For any subset

= {e1,...,ey} of {1,...,n}, we denote by D; g the iterated directional derivative
D](K)X_Dhgl ..... henx:an(hé‘]’""h{?n)’
where D" denotes the iterated Fréchet derivative of order n. Define for i = 1,...,d and
j=1,...,m

d
a’(hy, ..., hy;s) = Z Z Oky - - - I, 0" (x5) Dj(]l)xfl "'Dj(lv)va,

hU...Ul, ky,....k,=1

Blht,....hpis)= > Z ki - Ok, b () Djipxk - Dk,
LU..UI, kyq,...,
where the first sums are extended to the set of all partitions /7 U --- U I, of {1, ..., n}. The n-th

iterated derivative satisfies the following linear equation:

..... X = ZZ/ o (hy, o ot ot B )R (s)

Jo=1j=1
r m_ et .
[ mssds 4 ) [l gl (1)
0 ; 0
j=1

fori = 1,...,n. Now we prove by induction that x is infinitely Fréchet differentiable and (31)
holds. The result is true for n = 1 thanks to Proposition 4. Suppose that these properties hold
up to the index n. Observe that «'/ (hy, ..., hy,; s) is equal to the term corresponding to v = 1,
namely

plus a polynomial function on the derivatives 0, . .. Bkuaij (xg) with v > 2, and the functions
Dxs, with card(I) < n — 1. Therefore, we can apply Lemma 10 With Yy = Dp, . p, X, v

the vector function whose entries are the products D Il)xf‘ ...Djq )xs for all the partitions
Iy U---UI, with v > 2 and with appropriate functions a;, i = 0, ..., 4. This lemma yields
that g — Dy, . p,x is continuously Fréchet differentiable and the directional derivative of order
n + 1 is solution of (31) at the rank n + 1.

Let us now prove by induction that the map (hy, ..., h,) = D, ... n,)x 1s multi-linear and
continuous. By Proposition 4 this is true for n = 1. Suppose it holds up to n — 1, that is, for any
subset {e1, ..., &py} Of {1,...,n} with ng < n, the maps (hg,, ... gno) — Dh ,,,,, ey X ATE

multi-linear and continuous. We define
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n m t .
w (i, . i @)=Y Z/O @I (hi, . Ryt st - s $)dRY, (s)

jo=1j=1

t
+ / Z Z Ok, e Ok, b () Dj(]l)xfl ...Dj([u)x;{” ds
0

m t d .
+ Zf YooY bk 0 DX D, x| dgl,
j=1"9

I U---Uly k] ..... kuzl
v>1

and using (10) we have the following estimate:

hiXlla,1 = C [ wlla,1,

.....

where the constant C does not depend on (h1, ..., hy). Using the induction hypothesis, we easily
deduce that for any ig € {1, ..., n}

lwlla,1 < Chy,.oohiyg—1hig+1,cccshy g ll1-0,2-

So the map h;, — Dy, ., higeeeslinX. is continuous for any ig € {1, ..., n}. This map is clearly
linear thanks to the induction hypothesis and the existence and uniqueness result of Proposition 2.

It only remains to prove that g > D"x(g), from W21 ~*(0, T; R?) to the space of multi-linear
continuous applications on Wzl_“ (0, T; R™), is continuous. We proceed again by induction.
We write the difference between the two equations satisfied respectively by Dy, . 5,x(g) and
Dy, ... .n,x(g) (with b = 0 for ease of reading)

.....

Dh1 ..... hnx(g)t_Dhl ..... h,,x(g)t
:w(hlvvhnag)l‘_w(hlv7hna§)l‘

d m t
2.2 /0 (akow‘ (x(g)s) — o™ (x(g)s)) Dp,.....h, X (8)5dgs

=1 j=1
d m t y

#3°0 [ A0 @0 Dh o x Dl ~ )
k=1 j=1"0
d m t 3

+ 300 [ 0 600 (a7 005 = D 7 @) dis
=1 j=1

with w(hy, ..., h,; g) defined above. Using (10) and the induction hypothesis, we deduce easily
that the map g — D" x is continuous, and the map g +> x is n times Fréchet differentiable.
Step 2. Eq. (20) can be written in the following way:

1,000l 0,07l
Oy, ) = Y (L e )

d t
+ Y / O, b (xg) BVt (ry, Ly )ds
k=177

1V...Vry

m t
+ ) Z/r Iy 0 () PEIIn (L r)dgl, (32)
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where
.. . n .
ytz,u ..... ln(rl,,..,rn) = ZA;OJI io—TLiog+1,... (rio,rla'-'7ri0—l’ri0+la"-arn)
ip=1
FY Y f 0,0 ()
I U---Uly ki,....,k,=1 ]—1 ryve: Vrn
pv>2
x oI (1)) - 0T (1))
d t
+ > ) / Oy - O, bl (xg) BRIy L T D) (r(1,))ds.
[U-ULy k... ky=1 Y11V VI
v>2
Notice that the function 4‘5' Al (r1, ..., ry) is symmetric in (i1, ry), ..., (i, ry) for any ¢, i.

As we did for Eq. (24) (see Proposition 9), we can show by induction that there exists a unique
solution of (32) which is Holder continuous of order 1 — « in all its variables.

Step 3. Let us show Eq. (19).We again proceed by induction. (19) is true for n = 1 by (15).
Assume that it is true up to the rank n — 1. For any subset K = {iy,...,i,} of {1,...,n},
we define |K | as its cardinal and dhX (r(K)) = dh'! (r;,) - - - dh™ (r;,). Using Fubini’s theorem
(by the previous step, the integrals are Riemann-Stieltjes ones) and the induction hypothesis
we have

t t t . .
/ {/ f Bl-l] ; (r1,...,rn;s)dhlll(rl)---dh’n"(rn)}ds
o 1o ) i n

t d .
— / { Z Z Ay - .. O, b (x5)
rVeViy LU---Ul, ki ky=1

.....

y ( f gzsfw‘“l)(r(h))dhf<’1><r(11>))
[O’T]”H

X (/ @f”’i(l”)(r(lv))dhi(I“)(I”(Iv))> }dS
[0,774v!

t d
- / Z Z Oy - - - Ok, ' (xs)Dl(Il)xfl e Dl(l”)xf” ds.
-

LV LU---UlL, ky,....ky,=1

Similar computations for the other terms of (20) yield that
' Z / f B )R (AR (r2) - - AR ()

is a solution of (31) and then it is equal to Dy,
such equations. W

n, X! by the existence and uniqueness result for

.....
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